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Task: Classification of multivariate sequences X

of identically sized R-dim vectors of observations

embedding learning step as [12], and display higher ac-
curacy (see Experiments, Sec. 5).

Related methods for time series classification have
also been introduced and include variety of methods,
e.g., kernels on dynamical systems [31], or alignment-
based methods [5, 26] with quadratic time complexity.

In this work we aim at methods that directly exploit
multivariate sequence representations to improve accu-
racy and propose a family of e�cient, linear-time dis-
crete multivariate similarity kernels (MVDFQ-SK) us-
ing direct feature quantization (DFQ) and manifold ker-
nel embedding (Sec. 3, 4). We show empirically that
proposed MVDFQ kernels provide e↵ective improve-
ments in practice over traditional univariate (1D) se-
quence kernels as well as other state-of-the-art sequence
classification methods for a number of challenging clas-
sification problems.

3 Multivariate sequence representation using
Direct feature quantization

In a typical setting, string kernels are applied to uni-
variate string data, e.g., word sequences in text analysis,
amino acid sequences in biological sequence analysis, or
codeword sequences in time series analysis [21, 20, 13,
18].

Input multivariate (R-dimensional) sequences of
feature vectors in the widely used codebook learning
framework are first encoded using codebook IDs (Fig-
ure 1), then standard univariate string kernel methods
can be applied (see e.g., [21, 13]).

As shown in the figure, the R-dim input vectors are
first quantized (clustered) into di↵erent groups using
codebook (prototype) vectors, C = {C1, C2, ..., CN

},
obtained, for instance, by applying Vector Quantization
(VQ) to a set of R-dimensional vectors from input
sequences. Then multivariate input sequence X, a
sequence of n = |X| identically sized (continuous-
valued) R-dimensional feature vectors

X = (x1, x2, . . . , xn

), x
i

2 RR 8i

is then encoded as a univariate (1D) discrete sequence
c(X) of codebook IDs

c(x) = (c1, c2, . . . , cn), ci 2 {1 . . . D} 8i

by mapping each of the vectors x
i

to the nearest code-
word vector c

i

in the codebook C = {C1, C2, . . . , CD

}.
The codeword sequence c(x) is essentially a discrete se-
quence over finite alphabet ⌃ = {1, . . . , D}. Univariate
(1D) string kernel can then be used for classification.

In contrast to these commonly employed univari-
ate representations, in this work we consider alternative
multivariate discrete representations of original multi-
variate (continuous-valued) sequences.

3.1 Direct feature quantization A discrete multi-
variate representation of the original continuous-valued
multivariate sequence

X = (x1, x2, . . . , xn

), x
i

2 RR

is obtained by direct quantization of each of the R
feature dimensions. In this approach, each feature
f j , j = 1 . . . R is quantized by dividing its range
(f j

min

, f j

max

) into finite number of intervals. In the sim-
plest case, the intervals can be defined, for instance,
using uniform quantization, where the entire feature
data range is divided into B equal intervals of length
� = (f

max

� f
min

)/B and the index of quantized fea-
ture value Q(f) = b(f � f

min

)/�c is used to represent
the feature value f .

Figure 2 shows an example of DFQ representation
for 3-dimensional time series X (R=3) with multivari-
ate DFQ representation obtained using uniform binning
(B=64) along each of the three dimensions. Partition-
ing of the feature data range could also be obtained by
using 1D clustering, e.g., k-means, to adaptively choose
dicretization levels.

We will show in the experiments that using DFQ
multivariate representations can significantly (by 25-
40%) improve predictive accuracy compared to tradi-
tional 1D (univariate) kernel representations as well as
other state-of-the-art approaches (Sec. 5).

4 Multivariate Direct Feature Quantization
Similarity Kernels

In the following, we define e�cient multivariate DFQ
similarity kernel (MVDFQ-SK)K(DFQ(X), DFQ(X))
that can be evaluated in linear time.

Similar to the kernel proposed in [12] for comparing
sequences under binary Hamming embedding, we define
the similarity kernel between two multivariate sequences
X and Y under DFQ representation (Sec 3.1) as

K
MVDFQ

(DFQ(X), DFQ(Y )) =
X

↵R⇥k2DFQ(X)

X

�R⇥k2DFQ(Y )

K(↵
R⇥k

,�
R⇥k

)(4.3)

where ↵
R⇥k

and �
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are R⇥ k submatrices contained
in DFQ(X) and DFQ(Y ) and K(↵
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) is a ker-
nel function defined for measuring similarity between
two submatrices. This essentially amounts to cumula-
tive pairwise comparison of all R ⇥ k submatrices con-
tained in DFQ(X) and DFQ(Y ). One possible defini-
tion for the submatrix kernel K(·, ·) is cumulative row-
based comparison
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Data & Tasks
• Audio recordings:  e.g. A-dim cepstral/spectral features. 

Content-based retrieval, genre, instrument, mood etc 
analysis, speaker identification

• Biological sequences: P-dim profiles or physico-
chemical descriptor sequences. Protein classification, 
function prediction etc

• Gene expression data: G-dim gene expression profiles 
analysis and classification

• Financial data: e.g. R-dim stock returns. Similarity, 
categorization, prediction
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Current Approaches
• Codebook learning + Kernel (Lu, 2009; Kuksa et al,2010)

• Kernels on dynamical systems (Vishnawathan, 2007)

• Alignment methods (Cuturi, 2007)

• Regression methods + many more

• Main issues: insufficient accuracy, computational 
complexity

• Goal: Efficient (linear time), robust, + High Accuracy

• We propose: multivariate discrete representation 
(MVDFQ) + MVDFQ-SK kernel

• linear time computation
• state-of-the-art performance: content-based music 

classification, bioinformatics: protein homology
Monday, January 18, 16



Multivariate Direct 
Feature Quantization 1 2 n
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X
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Figure 1: Typical representation for sequenceX: R-dimensional input feature vectors encoded using corresponding
codebook IDs. Univariate string kernel is used to measure similarity between sequences (e.g., [21, 13])

t=1 t=2 t=3 t=4 t=5
dim 1 0.43 1.43 3.79 2.53 3.29
dim 2 -0.34 0.91 2.97 1.68 2.12
dim 3 -0.41 0.40 2.22 1.15 1.74

t=1 t=2 t=3 t=4 t=5
dim 1 37 38 40 39 39

dim 2 20 21 22 21 21

dim 3 31 32 33 32 33

Original multivariate time series X Discrete multivariate representation (DFQ(X), B=64 bins)

Univariate representation (VQ(X),  codebook size=2048) 

t=1 t=2 t=3 t=4 t=5
dim 1 309 173 484 1148 1252

Wednesday, September 12, 12

Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original continuous-valued multivariate sequence X (R=3) by discretizing each of R feature dimension.
In contrast, typically used vector quantization approach (codebook) represents multivariate sequence as one-
dimensional discrete sequence of codeword indices.
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(·, ·) is a similarity/indicator function for
matching 1D rows ↵i
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. The matching
function I1⇥k

(·, ·) could be defined as I1⇥k

(↵,�) = 1 if
d(↵,�)  m, and 0 otherwise (similar to the mismatch
kernel). Intuitively, according to K(↵
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), two
similar submatrices ↵
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and �
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will have many
similar or same rows resulting in high similarity score.

Using Eq. 4.4, the multivariate DFQ kernel in
Eq. 4.3 can be written as
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which can be e�ciently computed by running spec-
trum kernel with 1D k-mer matching function I1⇥k

(·, ·)
B times, i.e. for each row b = 1 . . . B. The
overall complexity of evaluating multivariate kernel
K

MVDFQ

(DFQ(X), DFQ(Y )) for two R-dim DFQ se-
quences DFQ(X) and DFQ(Y ) is then O(R · k ·n), i.e.
is linear in the sequence length n = |X|.

4.1 Manifold embedding While typical string ker-
nel methods assume Euclidean feature space and use
Euclidean distance, a probabilistic manifold assumption
on the geometry of the data space could be more natural
and e↵ective (see e.g. [36, 9]). Each sequence X given
its feature representation �(X) = (�1, . . . ,�d

) can be
considered as a point on the multinomial manifold us-
ing L1 embedding �iP

i
�i
. Then, as a measure of a�nity

between sequences on the multinomial manifold one can
use Bhattacharyya a�nity, i.e.

K
manifold

(X,Y ) =<
p
(�(X)),

p
(�(Y )) >(4.6)

In the experiments, we use manifold embedding with
MVDFQ kernel as well as other standard string kernels.

4.2 Advantages of multivariate DFQ Proposed
multivariate DFQ method has the following merits:

• It improves predictive ability of typical discrete uni-
variate kernels by applying them jointly to multiple
discrete sequences obtained from discretization of
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Snapshot of Results
• Music genre classification benchmark
• 13-dim MFCC seqs, 10 classes/genres

• Comparison between: Vector Quantization (VQ), 
Generalized Similarity Kernels (SDM’12), and MVDFQ 
(using bag-of-words (BOW) and spatial SSSK kernels)
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Comparison with state-of-the-art

Method Error, %

NMF (Holzapfel 2008) 26.0

(non-MFCC)  DWCH (Li 2003) 21.5

MAR (Rump, 2010) 21.7

(Best) AdaBoost (MFCC,FFT,LPC,etc) (Bergstra 2006) 17.5

MVDFQ 12.3

MVDFQ (MFCC+FFT) 9.3

Method Error, %
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(non-MFCC)  DWCH (Li 2003) 21.5

MAR (Rump, 2010) 21.7

(Best) AdaBoost (MFCC,FFT,LPC,etc) (Bergstra 2006) 17.5

MVDFQ 12.3

MVDFQ (MFCC+FFT) 9.3

Method Error (%)

NMF (Holzapfel, 2008) 26.0

MAR (Rump et al, 2010) 21.7

AdaBoost (MFCC,FFT,LPC,etc) 
(Bergstra et al, 2006)

17.5

Classifier fusion spectral + cepstral 
(MFCC,NASE,OSC) (Lee et al, 2009)

9.4

MVDFQ (MFCC+FFT) 9.3
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Snapshot of Results
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• Protein remote homology benchmark
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