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This talk
1. Classification of sequences

• Inferring functions of proteins, genes, species 
labels from DNA, music genre, or text topic

• Sequence = variable-length set of integers, 
reals, symbols, or vectors, indexed by position, 
time, or space, etc

2

Music Genre
Artist
etc

AnnotationAudio/Music Text

Bio-informatics
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Classification of sequences 
• Motivation: problems of general interest

• classification of text/documents

• classification of speech/music

• classification of time series/stock/etc

• Specific problems in bioinformatics, 
immunology, chemoinformatics etc

• classification of proteins by function and 
structure

• classification of small biomolecules (e.g., 
peptide classification: binding/non-binding)

• classification of chemical compounds by 
biological activity
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Sequence analysis 
problem difficulty

• Tasks in the space of sequence analysis are non-
trivial:

• Variable length: standard methods do not apply

• No all-purpose/generic representation, 
similarity functions: representation problem

• No straightforward way to do calculus on 
strings: clustering, classification, regression?

• Size of data sets: methods need to scale to sets 
with millions of sequences
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• Sequence analysis includes:

• Comparison of sequences in order to 
find if sequences are related 
(homologous)

• Identification of intrinsic sequence 
features (regulatory elements, exons, 
introns, etc)

• Function, molecular structure, or feature 
prediction: classification, clustering, 
regression

How to solve these tasks?
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Approaches to analysis of 
sequences

• Sequence Alignment: Needleman-Wunsch 
(1970), Smith-Waterman (1981)

• Profile methods: profile comparison, PSSM 
(Gribskov, 1987), profiles constructed from 
multiple sequence alignment

• Hidden Markov Models: profile-HMM 
(Haussler, 1993)

• Kernel-based methods: clustering, 
classification, regression on strings!!
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Problem Solving Framework
• Kernel Methods for Sequences

• map the problem from original sequence space 
X into a vector space (the feature space F)

• Infer class label of sequence X via similarity 
measures/kernels:

               K(X,Y) = <F(X), F(Y)>

     dot-products of feature vectors F(⋅)

• pairwise dot-product can be computed 
efficiently directly(!) from the original data 
using kernel function K

Predictor(X)   =  ∑ αi K(svi,X) 
i ∈ SV
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Basics on kernels

Input space Kernel space
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Main idea:  map X →Φ(X)

Representer 
theorem:

kernel
(dot-product)

Feature map:
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Standard kernels
1. Polynomial:  K(x,y) = (xTy+c)d

2. RBF:  

• Ex: for polynomial d=2, dim(x)=2

• XOR problem
�(x = (x1, x2)) = [x2

1, x2
2,

!
2x1x2,

!
2cx1,

!
2cx2, c]

1
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Kernel framework
Data D = {(Xi,Ci)} i=1,...,N                                          

Predictor (SVM)
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Kernel matrix K 

 K(Xi,Xj)

Advantages: can capture complex relations in data, 
can combine heterogeneous information 

(sequence, structure, etc)

f(X)=∑ αi K(svi,X) 
i ∈ SV

estimated during training!
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Kernel methods
• Benefits:

• Efficiency: kernel K is often more efficient 
to compute than Φ and dot product

• e.g. product in high-dimenstional kernel 
feature space can be computed in input 
space (RBF, polynomial, etc)

• Non-linear separation 

• Can operate on many types of data: 
sequences, text, images, graphs, vectors
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Part II:
Standard string kernels
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Sequence kernels

• Definition: kernels defined on pairs of 
strings

• Motivation: computational biology (protein, 
DNA), text analysis and classification, time 
series etc

• Idea: two sequences/strings are related if 
they share many similar substrings or 
subsequences
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Inference using String Kernels (1)

GGAATTTGAGCAGGACTAATTGGAACTTCTTTAAGATTACTTATTCGAACTGAATTAGGAACCCCAGGATCTTTAATTGGAGATGATCAAATTTATAATACAAT

TGTTACAGCTCATGCATTTATTATAATTTTTTTTATAGTTATACCTATTATAATCGGAGGATTTGGAAATTGACTAGTTCCATTAATAATAGGTGCCCCAGATATAG

CTTTCCCCCGTATAAATAACATAAGATTTTGATTATTACCCCCATCTTTAACTTTATTAATTTCAAGAAGAATTGTTGAAAATGGGGCTGGTACAGGATGAACA

GTTTATCCCCCTCTTTCATCAAATATCGCCCATCAAGGAGCATCTGTTGATTTAGCAATTTTTTCCCTTCATCTTGCTGGTATTTCATCAATTCTTGGAGCTA

TTAATTTTATTACAACAATTATTAATATACGAATTAATAATTTATCTTTTGATCAAATACCATTATTTGTTTGAGCTGTAGGAATTACAGCATTATTATTATTACTTTC

ATTACCTGTTTTAGCAGGTGCTATTACTATATTATTAACAGATCGAAATTTAAATACTTCTTTTTTTGATCCTGCAGGAGGAGGAGATCCAATCTTATACCAACA

CTTATTT

Spectrum(5) Mismatch(5,1)

GGAAT
GxAAT
xGAAT

GGxAT
GGAxT
GGAAx

Fig. 1. String kernel. A sliding window of size k=5 is used to derive feature representation �(X) of an input sequence X.

structural families. A novel unsupervised Òabstrac-
tionÓ strategy is applied on classic string kernel to
leverage supervised learning with the power of many
unannotated protein sequences. The ÒabstractionÓ
includes two stages,

• (1) An unsupervised auxiliary task is em-
ployed to learn accurate representations
(embedding) for amino acids based on con-
textual similarity in biological sequences.

• (2) Amino acids are grouped to generate
more abstract entities according to their
learned representations.

On three benchmark data sets for structural classiÞ-
cation of proteins, the proposed semi-supervised ker-
nel achieves state-of-the-art performance, improves
over classic string kernels, and is more general than
previous approaches.

2. Protein Sequence Analysis Using
String Kernels

In this paper we focus on string kernel-based meth-
ods6 for classiÞcation of protein sequences under the
discriminative learning setting. The discriminative
setting tries to capture the di�erencesamong classes
(e.g. folds and superfamilies), while its counterpart,
generative models7 focus on capturing shared char-
acteristics within classes. Previous studies8, 9 show

that the discriminative models have better distinc-
tion power over the generative models7.

Our target problems of remote protein homology
and fold recognition essentially try to infer structural
relationships between proteins from their primary se-
quences. These problems could be treated as tasks of
learning sequences of amino acids that typically de-
scribe the patterns of protein structural properties of
interest. Given an input protein sequence, the target
structural relationship will be recognized by perform-
ing matching between patterns present in the test
sequence and the patterns in the annotated training
examples. This amounts to computing string kernel
(similarity score) between protein sequences based
on certain feature representations. The key idea of
string kernels is to apply a mapping ! (·) to map se-
quences of arbitrary length into a vectorial feature
space of Þxed length. In this space a standard classi-
Þer such as support vector machine (SVM)6 can then
be applied. As SVMs require only inner products
between examples in the feature space, rather than
the feature vectors themselves, string kernel10, 9, 4

is thus implicitly computed as an inner product in
this feature space:

K(X, Y ) = ⌅! (X), ! (Y )⇧, (1)

where X = ( x1, . . . , x|X|), where |X| means the
length of the sequence. X,Y ⇤ S, S is the set of

features
F(X)

X

Similar X and Y ~ Similar F(X) and F(Y)  

Length k=5 Up to m=1 mismatch

1. Represent sequence X using fixed-dimensional 
feature vector F(X)

K(X, Y) = <F(X), F(Y)>
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2. Compute similarity K(X,Y) using feature vectors 
F(X),F(Y)

GTATATGATCAGGACTAGTTGGTACAGCTCTTAGACTATTAATT
CGAGCTGAACTAGGCCAACCAGGAGCTCTTCTGGGGGATGA
TCAATTATATAATGTAATTGTAACCGCCCACGCTTTTGTTATAAT
TTTCTTTTTAGTAATACCTATAATGATTGGAGGATTTGGAAACT
GATTAGTTCCTTTAATACTAGGAGCCCCAGACATGGCATTCCC
ACGTCTAAATAATATAAGTTTCTGACTTCTTCCGCCTGCCCTT
CTACTACTCCTTTCTTCAGCAGCAGTCGAAAGTGGAGTTGGA
ACTGGATGAACCGTCTACCCTCCTTTAGCCGGAAACCTTGCT
CACGCATTGACAGACCGAAACTTTAACACCGCTTTCTTTGAT
CCAGCAGGAGGTGGAGA

ATGGTTAAATTCTCCTCAGAACCACATTTGGCTCAGGTAGTC
GCAGAAGACCTTCTTTCTCCTAGCGTGGTGGATGTGGGTGA
CTTCACAATATCAATCAACGAGGGTCTCCCCTCTGGGGTGCC
CTGCACCTCCCAATGGAACTCCATCGCCCACTGGCTTCTCA
CTCTCTGTGCGCTCTCTGAAGTTACAAATCTGTCCCCTGACA
TCATACAGGCTAATTCCCTCTTCTCCTTCTATGG

?
Sequence X Sequence Y

Fixed-length vector of features derived 
from sequence

String kernel

    Similarity score: K(X,Y) = < F(X), F(Y) >

dot-product

Inference using String Kernels (2)

            F(X)                       ?                  F(Y)                         
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Using external information 
to help prediction

• Computing F(X) can use other information (besides 
X itself) to improve predictive performance

• general sequence databases (UNIPROT, PDB, etc)

• specific catalogs (e.g., plnTFDB)

• gene ontology, etc

•  Eg. F(X) = F(X|U) = F(NU(X))

• U is sequence database, and NU(X) is a set of 
sequences from U that are similar to X

• this can significantly improve predictive accuracy

373

265

466

347

475

X N(X)
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String Kernels: Overview
¥ Original string kernels

Pairwise-alignment algorithms (Needleman-Wunsch) 
Not Mercer kernels [Vert et al.’04]

Pair HMMs [Watkins’99], convolution kernels [Haussler’99], gappy n-gram 
kernels [Lodhi et al.’02], rational kernels [Cortes et al.’02]

O(n2) complexity in sequence length n / pair

¥ Spectrum-like kernels
Spectrum kernels [Leslie’02], mismatch kernels [Leslie’04], substring 
kernels [Vishwanathan & Smola’02]

O(n) complexity in sequence length n / pair
Best performing kernels have large multiplicative complexity factors (e.g., 
exponential dependency on alphabet size and kernel parameters)

Accuracy & Algorithmic complexity still insufficient for 
large-scale accurate sequence comparison / annotation
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Standard kernels on 
strings

• Spectrum kernels (Leslie, 2002)

• Mismatch kernels (Leslie, 2004)

• Profile kernels (Kuang, 2005)

• Spatial sample kernels (Kuksa, 2010)
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Spectrum Kernels
• Measure similarity between sequences based on co-

occurrence of fixed-length substrings (k-mers)

• Feature map for exact spectrum kernel (no mismatches)

• Feature map for mismatch kernel (m mismatches)

• more dense representation (up to km|∑|m more dense)

Motivation
Our Results/Contributions

Summary

Basic Problems That We Studied
Previous Work

Spectrum-like kernels
Measure similarity based on common contiguous
fixed-length substrings (k -mers)
Feature map for exact spectrum kernel (no mismatches):

! (X ) =
! "

��X
|�|=k

I(! , " )
#

⇥�! k

sparse representation: e.g. HKY ! (00...01(HKY )0...0)

Feature map for the mismatch kernel (m mismatches):

! (X ) =
! "

��X
|�|=k

Im(! , " )
#

⇥�! k

less sparse representation (up to km|" |m more dense): e.g.
HKY ! (01(AKY )...1(HAY )...1(HKA)0...1(HKY )0...0)

Pavel Kuksa Kernel Methods and Algorithms for General Sequence Analysis

Motivation
Our Results/Contributions

Summary

Basic Problems That We Studied
Previous Work

Spectrum-like kernels
Measure similarity based on common contiguous
Þxed-length substrings (k-mers)
Feature map for exact spectrum kernel (no mismatches):

! (X) =
! "

! ! X
|! |= k

I(! , " )
#

" ! ! k

sparse representation: e.g. HKY ! (00...01(HKY)0...0)

Feature map for the mismatch kernel (m mismatches):

! (X) =
! "

! ! X
|! |= k

Im(! , " )
#

" ! ! k

less sparse representation (up to km|" |m more dense): e.g.
HKY ! (01(AKY)...1(HAY)...1(HKA)0...1(HKY)0...0)

Pavel Kuksa Kernel Methods and Algorithms for General Sequence AnalysisFriday, March 8, 13



Profile kernel
• Probabilistic string representation

• Replaces string representation nx1 with a nx|∑| profile

• Each character in a sequence is replaced with a 
probability distribution over alphabet characters

• Measures sequence similarity base on co-occurrence (in 
a probabilistic sense!) of k-mers

Motivation
Our Results/Contributions

Summary

Basic Problems That We Studied
Previous Work

ProÞle kernel: probabilistic string representation

Replaces string representation (nx1) with a proÞle (nx! )

Each character in a string is replaced with a probability
distribution over alphabet characters

ProÞle can be estimated using PSI-BLAST, etc.

Measure similarity based on common (in probabilistic
sense) k-mers

ProÞle feature map:

" (X) =
! "

M! ! X

I(! ! M! )
#

" ! ! k

M! = { a : P(a) > " } (mutation neighborhood)

Pavel Kuksa Kernel Methods and Algorithms for General Sequence Analysis
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Sparse Spatial Sample Embedding

- Models multi-scale spatial/temporal dependencies
- Matching, comparison, classification more efficient  O(cn)

k=1, t=2, d=1-5

t
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• Differences in sequence modeling

• mismatch: very few feature retained

• spatial: still significant overlap in features

Motivation
Our Results/Contributions

Summary

Main Results: New Kernels/Algorithms
Experimental Results

Sequence Modeling
S = HKYNQLIM
XKYNQ
HXYNQ
HKXNQ
HKYXQ
HKYNX

XYNQL
KXNQL
KYXQL
KYNXL
YKNQX
XQLIM
NXLIM
NQXIM
NQLXM
NQLIX

XNQLI
YXQLI
YNXLI
YNQXI
YNQLX

XKINQ
HXINQ
HKXNQ
HKIXQ
HKINQ

XINQI
KXNQI
KIXQI
KINXI
KINQX
XQIIM
NXIIM
NQXIM
NQIXM
NQIIX

XNQII
IXQII
INXII
INQXI
INQIX

HK
KY
YN
NQ
QL
LI
IM

H_Y
K_N
Y_Q
N_L
Q_I
L_M

H__N
K__Q
Y__L
N__I
Q__M

H___Q
K___L
Y___I
N___M

H____L
K____I
Y____M

HK
KI
IN
NQ
QI
II
IM

H_I
K_N
I_Q
N_I
Q_I
I_M

H__N
K__Q
I__I
N__I
Q__M

H___Q
K___I
I___I
N___M

H____I
K____I
I____M

mismatch
(5,1)

SÕ= HKI NQI IM

double-
(1,5)

Differences in handling substitutions by spectrum-like and spatial
kernels

Mismatch: very few features retained
Spatial kernels: still significant overlap in sequence features
For the spectrum-like kernel, the number of allowed mismatches
needs to be increased (at a high computational cost)

Pavel Kuksa Kernel Methods and Algorithms for General Sequence Analysis
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State-of-the-art kernels
• Features employed by state-of-the-art kernels

 
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Figure 1: Features employed by state-of-the-art kernels versus our method SEQL. Spectrum-k Kernel, k is
the length of features. Mismatch-(k,m) Kernel, k is the length of features, m is the maximum number of
mismatches. Sparse Spatial Sample-(k,t,d) Kernel, k is the probe size, t is the number of probes and d
is the number of maximum allowed positions between the probes. SEQL-d, d is the maximum number of
consecutive wildcards.

Method AUC AUC50 BER
svm-spectrum(2) 0.8581 0.3583 -
svm-spectrum(3) 0.8723 0.4037 -
svm-mismatch(5,1) 0.8749 0.4167 -
svm-sssk(1,2,5) 0.8901 0.4629 -
svm-sssk(1,3,3) 0.9148 0.5118 -
svm-pairwise 0.8930 0.4340 -
seql-lr(5) 0.9155 0.5184 0.4477
seql-svm(5) 0.9220 0.5237 0.4158

Table 1: Remote homology detection on the
Scop1.59 dataset. The average AUC, AUC50 and
BER scores over the 54 target superfamilies. Re-
sults for kernel-SVM methods cited directly from
[24, 19]. seql-lr and seql-svm are the methods pro-
posed in this paper.

the parameter values tried. We observe that our techniques
are comparable to the state-of-the-art methods regarding
classification quality. We believe it is important to allow
flexible features, (e.g., allowing wildcards and not restricting
the feature lenght in advance), although here the training
sets are quite small and the gain is not large. We note
that seql-svm has slightly better AUC and AUC50 than
seql-lr. Learning seql classifiers on this dataset took a
few seconds per topic and about 80MByte memory. The
computational requirements of seql are mainly influenced
by the maximum allowed number of consecutive wildcards.

Figure 2 shows a graphic comparison of some of the meth-
ods (for which we had access to published per class AUC50
scores) by plotting the total number of superfamilies above
an AUC50 score threshold, as a function of the threshold
value. The threshold is changed so as to generate the next
AUC50 value in the ranked list of AUC50 scores of the re-
spective method. The numerical integral of this cumulative
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seql-svm(5)
seql-lr(5)

sssk(1,3,3)
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mismatch(5,1)

Figure 2: Comparison of mismatch-SVM, SSSK-
SVM, SEQL-LR and SEQL-SVM on SCOP1.59.
The total number of superfamilies for which a given
method exceeds an AUC50 score threshold.

AUC50 curve is the arithmetic average of the AUC50 val-
ues shown in Table 1 [34]. SVM with sparse-sample-spatial
kernel (sssk-svm) behaves best among the prior techniques.
Even though the features employed by sssk-svm are quite
flexible (see Figure 1), we observe we can gain some perfor-
mance by imposing less restrictions on features.

[19] analyzed the biological relevance of features learned
by sssk-svm taking the Scorpion toxin-like superfamily as an
example. This classification task has 16 members of this su-
perfamily as positive training examples, 1067 non-members
as negative examples and the short-chain scorpion toxin
family as a test case. sssk-svm(1,2,5) achieved an AUC50
of 0.7661 for this task [19]. In their work [19] present the
schematic representation of the short-chain scorpion toxin

x x

* - gap
x   - wildcard

k  - length of the feature/sample
m - # mismatches
t - number of samples
d - max. distance between samples

Friday, March 8, 13



Traditional String Kernels
• Feature space: indexed by all possible k-mers: sparse embedding 

(spectrum, SSSK), dense embedding (mismatch, profile)

• Hamming distance-based matching

• Drawback: Hamming distance may not reflect true underlying 
similarity/dissimilarity:
• ex: different pairs of AA induce different levels of similarity
• matching of word k-grams should reflect semantic 

similarity, not only simple character-level differences

      => need more “precise” similarity measures!

1

Biological Sequence ClassiÞcation with
Multivariate String Kernels

Pavel P. Kuksa

AbstractÑString kernel-based machine learning methods have yielded great success in practical tasks of structured/sequential data
analysis. They often exhibit state-of-the-art performance on many practical tasks of sequence analysis such as biological sequence
classiÞcation, remote homology detection, or protein superfamily and fold prediction. However, typical string kernel methods rely on
analysis of discrete one-dimensional (1D) string data (e.g., DNA or amino acid sequences). In this work we address the multi-class
biological sequence classiÞcation problems using multivariate representations in the form of sequences of features vectors (as in
biological sequence proÞles, or sequences of individual amino acid physico-chemical descriptors) and a class of multivariate string
kernels that exploit these representations. On three protein sequence classiÞcation tasks proposed multivariate representations and
kernels show signiÞcant 15-20% improvements compared to existing state-of-the-art sequence classiÞcation methods.

Index TermsÑbiological sequence classiÞcation, kernel methods

!

1 INTRODUCTION

Analysis of large-scale sequential data has become an
important task in machine learning and data mining,
inspired in part by numerous scientiÞc and technological
applications such as the biomedical literature analysis
or the analysis of biological sequences. ClassiÞcation of
string data, sequences of discrete symbols, has attracted
particular interest and has led to a number of new
algorithms [1], [2], [3], [4], [5]. These algorithms often
exhibit state-of-the-art performance on tasks such as
protein superfamily and fold prediction [2], [4], [6], [7],
or DNA sequence analysis [8].

A family of state-of-the-art kernel-based approaches
to sequence modeling relies on fixed length, substring
spectral representations of sequences and the notion of
mismatch kernels, c.f. [2], [3]. There, a sequence is rep-
resented as the spectra (histogram of counts) of all short
substrings (k-mers) contained within a sequence. The
similarity score K(X,Y ) for pair of sequences X and
Y is established by exact or approximate matches of k-
mers contained in X and Y . Initial work, e.g., [3], [9],
has demonstrated that this similarity can be computed
using trie-based approaches in O(km +1 |⌃|m (|X | + |Y |)) ,
for strings X and Y with symbols from alphabet ⌃ and
up to m mismatches between k-mers. More recently,
[10] introduced linear time algorithms with alphabet-
independent complexity applicable to the computation
of a large class of existing string kernels.

However, typical spectral models (e.g.,
mismatch/spectrum kernels, gapped and wildcard
kernels [6], [3]) essentially rely on symbolic Hamming-
distance based matching of 1D k-mers contained in the
sequences. For example, given 1D sequencesX and

¥ P. Kuksa is with NEC Laboratories America Inc, Princeton, NJ 08540.
pkuksa@nec-labs.com

Y over alphabet ⌃ (e.g., amino acid sequences with
|⌃|=20), the spectrum-k kernel [11] and the mismatch-
(k,m) kernel [3] measure similarity between sequences
as

K(X,Y |k,m) =
!

! 2! k

�k,m (�|X)�k,m (�|Y )

=
!

" 2X

!

#2Y

!

! 2! k

Im (↵, �)Im (�, �) (1)

where

�k,m (�|X) =

"
!

" 2X

Im (↵, �)

#

(2)

is the number of occurrences (possibly with up to m
mismatches) of the k-mer � in X, and Im (↵, �) = 1 if
↵ is in the mutational neighborhood Nk,m (�) of �, i.e. ↵
and � are at the Hamming distance of at most m. One
interpretation of this kernel (Eq. 1) is that of cumulative
Hamming distance-based pairwise comparison of all
k-long substrings ↵ and � contained in sequences X
and Y , respectively. In the case of mismatch kernels
the level of similarity of each pair of substrings (↵,�)
is based on the number of identical substrings their
mutational neighborhoods Nk,m (↵) and Nk,m (�) give
rise to,

$
! 2! k Im (↵, �)Im (�, �). For the spectrum kernel,

this similarity is simply the exact matching of ↵ and �.
We note that existing k-mer string kernels essentially

use only 1D discrete sequences (e.g., amino acid or nu-
cleotide sequences) and Hamming-based matching.

However, as shown in previous works, using other,
multidimensional, protein sequence representations is cru-
cial in obtaining more accurate and robust predictions.
In part, low sequence identities among distantly related
proteins with similar structures and functions motivated
the use of these other multidimensional amino-acid
physico-chemical representations as physical and chem-
ical properties of protein chains may preserve better

I(↵,�) =

⇢
1, h(↵,�)  m

0, otherwise
(1)

1
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General similarity 
kernels

• Traditional string kernels: k-mer similarity is 
measured as the number of identical 
substrings in the mismatch neighborhoods 
(i.e. intersection size)

1

Biological Sequence Classification with
Multivariate String Kernels

Pavel P. Kuksa

Abstract —String kernel-based machine learning methods have yielded great success in practical tasks of structured/sequential data
analysis. They often exhibit state-of-the-art performance on many practical tasks of sequence analysis such as biological sequence
classification, remote homology detection, or protein superfamily and fold prediction. However, typical string kernel methods rely on
analysis of discrete one-dimensional (1D) string data (e.g., DNA or amino acid sequences). In this work we address the multi-class
biological sequence classification problems using multivariate representations in the form of sequences of features vectors (as in
biological sequence profiles, or sequences of individual amino acid physico-chemical descriptors) and a class of multivariate string
kernels that exploit these representations. On three protein sequence classification tasks proposed multivariate representations and
kernels show significant 15-20% improvements compared to existing state-of-the-art sequence classification methods.

Index Terms —biological sequence classification, kernel methods

!

1 INTRODUCTION

Analysis of large-scale sequential data has become an
important task in machine learning and data mining,
inspired in part by numerous scientiÞc and technological
applications such as the biomedical literature analysis
or the analysis of biological sequences. ClassiÞcation of
string data, sequences of discrete symbols, has attracted
particular interest and has led to a number of new
algorithms [1], [2], [3], [4], [5]. These algorithms often
exhibit state-of-the-art performance on tasks such as
protein superfamily and fold prediction [2], [4], [6], [7],
or DNA sequence analysis [8].

A family of state-of-the-art kernel-based approaches
to sequence modeling relies on Þxed length, substring
spectralrepresentations of sequences and the notion of
mismatch kernels, c.f. [2], [3]. There, a sequence is rep-
resented as the spectra (histogram of counts) of all short
substrings (k-mers) contained within a sequence. The
similarity score K (X, Y ) for pair of sequences X and
Y is established by exact or approximate matches of k-
mers contained in X and Y . Initial work, e.g., [3], [9],
has demonstrated that this similarity can be computed
using trie-based approaches in O(km +1 |⌃|m (|X | + |Y |)) ,
for strings X and Y with symbols from alphabet ⌃ and
up to m mismatches between k-mers. More recently,
[10] introduced linear time algorithms with alphabet-
independent complexity applicable to the computation
of a large class of existing string kernels.

However, typical spectral models (e.g.,
mismatch/spectrum kernels, gapped and wildcard
kernels [6], [3]) essentially rely on symbolic Hamming-
distancebased matching of 1D k-mers contained in the
sequences. For example, given 1D sequencesX and

• P. Kuksa is with NEC Laboratories America Inc, Princeton, NJ 08540.
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Y over alphabet ⌃ (e.g., amino acid sequences with
|⌃|=20), the spectrum-k kernel [11] and the mismatch-
(k,m) kernel [3] measure similarity between sequences
as

K (X, Y |k, m) =
X

�2⌃k

�k,m (! |X )�k,m (! |Y)

=
X

↵2X

X

�2Y

X

�2⌃k

I m (" , ! )I m (#, ! ) (1)

where

�k,m (! |X ) =

 
X

↵2X

I m (" , ! )

!
(2)

is the number of occurrences (possibly with up to m
mismatches) of the k-mer ! in X , and I m (" , ! ) = 1 if
" is in the mutational neighborhood Nk,m (! ) of ! , i.e. "
and ! are at the Hamming distance of at most m. One
interpretation of this kernel (Eq. 1) is that of cumulative
Hamming distance-based pairwise comparison of all
k-long substrings " and # contained in sequences X
and Y , respectively. In the case of mismatch kernels
the level of similarity of each pair of substrings (" , #)
is based on the number of identical substrings their
mutational neighborhoods Nk,m (" ) and Nk,m (#) give
rise to,

P
�2⌃k I m (" , ! )I m (#, ! ). For the spectrum kernel,

this similarity is simply the exact matching of " and #.
We note that existing k-mer string kernels essentially

use only 1D discretesequences (e.g., amino acid or nu-
cleotide sequences) and Hamming-based matching.

However, as shown in previous works, using other,
multidimensional, protein sequence representations is cru-
cial in obtaining more accurate and robust predictions.
In part, low sequence identities among distantly related
proteins with similar structures and functions motivated
the use of these other multidimensional amino-acid
physico-chemical representations as physical and chem-
ical properties of protein chains may preserve better

N(a,m) N(b,m)

intersection size

How to define more “precise” and meaningful similarity?
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General Similarity 
kernels

• Idea: replace intersection size-based similarity 
with metric similarity function 

• General similarity kernel

• Complexity in general becomes quadratic!

•  This is not a proper kernel!

The algorithm complexity depends on the size of ⌃ since
during a trie traversal, possible substitutions are drawn
from ⌃ explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatches m, as well as |⌃|.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use only symbolicHamming-
distance based matching, which may not necessarily re-
flect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I(↵,�), of two k-mers ↵ and
� is independent of the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reflected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabet-independentcomplex-
ity for Hamming-distance based matching. This enables
e�cient computation of a wide class of existing string
kernels for datasets with large |⌃|. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e�cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e↵ective improvements in practice
for a number of challenging classification problems (Sec-
tion 6).

3 Spectrum/Mismatch and General Similarity
Kernels

In this section we will first discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequence X over the alphabet ⌃ the
spectrum-k kernel [13] and the mismatch(k,m) ker-
nel [14] induce the following |⌃|k -dimensional represen-

tation for the sequence X considered as a set of k-mers:

(3.3) �k,m (�|X) =

 
X

↵2X

Im (↵, �)

!

�2⌃

k

where Im (↵, �) = 1 if ↵ ! Nk,m (�), and Nk,m (�) is the
mutational neighborhood, the set of all k-mers that dif-
fer from � by at most m mismatches. Note that, by
definition, for spectrum-k kernels, m = 0. E↵ectively,
these are the bag-of-substringsrepresentations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequence X.

The spectrum/mismatch kernel is then defined as

K(X,Y |k,m) =
X

�2⌃

k

�k,m (�|X)�k,m (�|Y )

=
X

↵2X

X

�2Y

X

�2⌃

k

Im (↵, �)Im (�, �)(3.4)

One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
↵ and � contained in sequences X and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (↵,�) is based
on the number of identical substrings their muta-
tional neighborhoods Nk,m (↵) and Nk,m (�) give rise to,P

�2⌃

k Im (↵, �)Im (�, �). For the spectrum kernel, this
similarity is simply the exact matching of ↵ and �.

One can generalize this and allow an arbitrary met-
ric similarity function S(↵,�) to replace the Hamming
similarity

P
�2⌃

k Im (↵, �)Im (�, �) " S(↵,�) and ob-
tain general similarity kernel:

(3.5) K(X,Y |k,S) =
X

↵2X

X

�2Y

S(↵,�).

Such similarity function can go significantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomes quadratic in their lengths, O(|X| · |Y |). On the
other hand, mismatch type of representations can be
e�ciently evaluated in O(ck,m (|X|+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K(X,Y |k,S) for arbitrary
similarity metric S(·, ·).

Our goal here is to approach the above process “in
reverse”: start with a general similarity metric S and
replace it with an approximate, but computationally
e�cient, Hamming-type computation. In the following
we consider two approaches for incorporating S(·, ·) into
sequence matching that preserve linear time complexity

The algorithm complexity depends on the size of ⌃ since
during a trie traversal, possible substitutions are drawn
from ⌃ explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatches m, as well as |⌃|.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use only symbolic Hamming-
distance based matching, which may not necessarily re-
flect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I(↵,�), of two k-mers ↵ and
� is independent of the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reflected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabet-independent complex-
ity for Hamming-distance based matching. This enables
e�cient computation of a wide class of existing string
kernels for datasets with large |⌃|. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e�cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e↵ective improvements in practice
for a number of challenging classification problems (Sec-
tion 6).

3 Spectrum/Mismatch and General Similarity
Kernels

In this section we will first discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequence X over the alphabet ⌃ the
spectrum-k kernel [13] and the mismatch(k,m) ker-
nel [14] induce the following |⌃|k -dimensional represen-

tation for the sequence X considered as a set of k-mers:

(3.3) �k,m (�|X) =

!
"

! ! X

Im (↵, �)

#

" ! ⌃
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where Im (↵, �) = 1 if ↵ ! Nk,m (�), and Nk,m (�) is the
mutational neighborhood, the set of all k-mers that dif-
fer from � by at most m mismatches. Note that, by
definition, for spectrum-k kernels, m = 0. E↵ectively,
these are the bag-of-substrings representations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequence X.

The spectrum/mismatch kernel is then defined as

K(X,Y |k,m) =
"

" ! ⌃

k

�k,m (�|X)�k,m (�|Y )

=
"

! ! X

"

# ! Y

"

" ! ⌃

k

Im (↵, �)Im (�, �)(3.4)

One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
↵ and � contained in sequences X and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (↵,�) is based
on the number of identical substrings their muta-
tional neighborhoods Nk,m (↵) and Nk,m (�) give rise to,$

" ! ⌃

k Im (↵, �)Im (�, �). For the spectrum kernel, this
similarity is simply the exact matching of ↵ and �.

One can generalize this and allow an arbitrary met-
ric similarity function S(↵,�) to replace the Hamming
similarity

$
" ! ⌃

k Im (↵, �)Im (�, �) " S(↵,�) and ob-
tain general similarity kernel:

(3.5) K(X,Y |k,S) =
"

! ! X

"

# ! Y

S(↵,�).

Such similarity function can go significantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomes quadratic in their lengths, O(|X| · |Y |). On the
other hand, mismatch type of representations can be
e�ciently evaluated in O(ck,m (|X|+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K(X,Y |k,S) for arbitrary
similarity metric S(·, ·).

Our goal here is to approach the above process “in
reverse”: start with a general similarity metric S and
replace it with an approximate, but computationally
e�cient, Hamming-type computation. In the following
we consider two approaches for incorporating S(·, ·) into
sequence matching that preserve linear time complexity

=> How to incorporate general metric S and  
preserve linear time complexity?
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General Similarity 
kernels

• Idea: replace quadratic time computation 
with linear time Hamming computation!

• Two approaches:

1. Cluster kernel: cluster k-mers according to 
S, match k-mers from same clusters

2. Similarity-preserving kernel: use symbolic 
approximation of S
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1. Cluster similarity 
kernel

of kernel computation and result in a proper kernel
function K (X, Y |S). The first approach (Sec. 4) uses
S(·, ·) indirectly by clustering the original feature set
into groups of similar features. These groups are then
used for matching, with two features matched only if
they belong to same group (i.e. are similar according
to S(·, ·)). In the second approach (Section 5), based
on recent work in similarity-based hashing in [21], an
approximation of the actual values of S(·, ·) is used for
the similarity score computation. The two approaches
allow one either to incorporate non-Hamming similarity
S(·, ·) into similarity evaluation by matching only the
features that are similar according to S(·, ·) or to
retain actual (approximate) similarity/distance scores
in similarity evaluation.

4 Abstraction-based kernels

In this section we propose a generalization of the string
kernels that extends the typically employed symbolic
Hamming (0-1) distance and incorporates general sim-
ilarity metrics to refine matching of otherwise symboli-
cally di! erent sequence fragments.

Standard string kernels typically use input se-
quences directly, i.e., they are defined over the input
alphabet |" |. Here we assume that the alphabet " is
supplemented by a set of features F . For instance, in
the case of proteins the 20 amino acids can be supple-
mented by ordinal features that describe their physical
or chemical properties. Note that the feature set need
not be specified explicitly, it is su# cient to define the
similarity metric S(! , " ) that reflect symbol similarity
in this feature space.

To incorporate a similarity metric S(! , " ) into
string kernel framework, one possibility is to introduce
an indicator (matching) function I S (! , " ) that models
the given scoring metric by defining a partition over the
feature set (e.g., the set of all k-mers), which groups
similar (according to S(·, ·)) features together. The
indicator function I S (·, ·) would only match two k-mers
! and " if they belong to the same class, i.e. are similar
according to S(! , " ). Partitioning of the feature set
F essentially corresponds to clustering over the feature
set that generates more abstract entities (features).
Similar features that are grouped together can, for
instance, indicate semantic closeness of words in text, or
similarity in terms of physical or structural properties
for amino-acids in biological sequences, etc. Grouping
of features into similarity classes might also allow for
better generalization over learned sequence patterns and
improve sequence classification performance.

For a given feature set F (e.g., set of k-mers over
alphabet " or the alphabet " itself), with similarity re-
lationships between features in F encoded as a partition
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L()

Abstracted
Sequence

Figure 1: Abstraction-based kernel (F is the same as " ).
Both the input sequence X and the abstracted sequence
L (X ) can be used simultaneously.

over F , i.e. in n disjoint cluster sets C1, . . . , Cn,
S

Ci =
F . Let L : F ! {C1, . . . , Cn} be the cluster (par-
tition) indicator function. The abstraction/clustering-
based kernel under L () can then be defined as

K L(X, Y ) =
X

�2F

X

↵2X

I S (! , #)
X

�2Y

I S (" , #)

=
X

↵2X

X

�2Y

X

�2F

I S (! , #)I S (" , #)(4.6)

where the indicator I S () reflects grouping over features
induced by similarity measure S(·, ·), I S (! , " ) = 1, if
L (! ) = L (" ) and 0 otherwise. We note that the two
k-mers ! and " will be matched only if they belong
to the same group, L (! ) = L (" ), i.e. ! and " are
similar according to S(., .). This allows one to incor-
porate non-Hamming similarity relationships between
k-mers into the similarity/kernel evaluation. Similarity
function S(! , " ) between k-mers can be the Euclidean
distance between the corresponding real-valued feature
vectors, or may reflect similarity with respect to the
physical/structural properties. Clustering of these fea-
ture vectors would then group the original k-mer fea-
tures into groups of k-mers similar according to S(·, ·).
We note that this essentially corresponds to a kernel de-
fined over clustered representation X C = L (X ) of the
original sequence X , where X C is obtained from X by
mapping original sequence features into corresponding
similarity clusters C1, ...Cn. This is illustrated in Fig-
ure 1 for the case of feature space F taken as an al-
phabet set. We note that the cluster indicator function
L (·) can be obtained by clustering of the feature vec-
tors corresponding to the original features in F , e.g.
rows of the BLOSUM substitution matrix can be used
to cluster individual aminoacids or aminoacid k-mers
according to the Euclidean distance/similarity S(·, ·) be-
tween feature vectors. Alternatively, the partition over
F can be defined with respect to similarity S(·, ·) as
given by the physical/chemical properties of aminoacids
(e.g., L () could be defined as a threshold function based
on the hydropathy index). We show in experiments that
using abstraction/clustering kernel improves over using
original sequences alone.

of kernel computation and result in a proper kernel
function K (X, Y |S). The Þrst approach (Sec. 4) uses
S(·, ·) indirectly by clustering the original feature set
into groups of similar features. These groups are then
used for matching, with two features matched only if
they belong to same group (i.e. are similar according
to S(·, ·)). In the second approach (Section 5), based
on recent work in similarity-based hashing in [21], an
approximation of the actual values of S(·, ·) is used for
the similarity score computation. The two approaches
allow one either to incorporate non-Hamming similarity
S(·, ·) into similarity evaluation by matching only the
features that are similar according to S(·, ·) or to
retain actual (approximate) similarity/distance scores
in similarity evaluation.

4 Abstraction-based kernels

In this section we propose a generalization of the string
kernels that extends the typically employed symbolic
Hamming (0-1) distance and incorporates general sim-
ilarity metrics to reÞne matching of otherwise symboli-
cally di↵erent sequence fragments.

Standard string kernels typically use input se-
quences directly, i.e., they are deÞned over the input
alphabet |⌃|. Here we assume that the alphabet⌃ is
supplemented by a set of featuresF . For instance, in
the case of proteins the 20 amino acids can be supple-
mented by ordinal features that describe their physical
or chemical properties. Note that the feature set need
not be speciÞed explicitly, it is su�cient to deÞne the
similarity metric S(↵,�) that reßect symbol similarity
in this feature space.

To incorporate a similarity metric S(↵,�) into
string kernel framework, one possibility is to introduce
an indicator (matching) function I S (↵,�) that models
the given scoring metric by deÞning a partition over the
feature set (e.g., the set of allk-mers), which groups
similar (according to S(·, ·)) features together. The
indicator function I S (·, ·) would only match two k-mers
↵ and � if they belong to the same class, i.e. are similar
according to S(↵,�). Partitioning of the feature set
F essentially corresponds toclustering over the feature
set that generates more abstract entities (features).
Similar features that are grouped together can, for
instance, indicate semantic closeness of words in text, or
similarity in terms of physical or structural properties
for amino-acids in biological sequences, etc. Grouping
of features into similarity classes might also allow for
better generalization over learned sequence patterns and
improve sequence classiÞcation performance.

For a given feature setF (e.g., set of k-mers over
alphabet ⌃ or the alphabet ⌃ itself), with similarity re-
lationships between features inF encoded as a partition
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Figure 1: Abstraction-based kernel (F is the same as⌃).
Both the input sequenceX and the abstracted sequence
L(X ) can be used simultaneously.

over F , i.e. in n disjoint cluster sets C1, . . . , Cn ,
S

Ci =
F . Let L : F ! {C1, . . . , Cn } be the cluster (par-
tition) indicator function. The abstraction/clustering-
based kernel underL() can then be deÞned as
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where the indicator I S () reßects grouping over features
induced by similarity measure S(·, ·), I S (↵,�) = 1, if
L (↵) = L(�) and 0 otherwise. We note that the two
k-mers ↵ and � will be matched only if they belong
to the same group, L (↵) = L(�), i.e. ↵ and � are
similar according to S(., .). This allows one to incor-
porate non-Hamming similarity relationships between
k-mers into the similarity/kernel evaluation. Similarity
function S(↵,�) between k-mers can be the Euclidean
distance between the corresponding real-valued feature
vectors, or may reßect similarity with respect to the
physical/structural properties. Clustering of these fea-
ture vectors would then group the original k-mer fea-
tures into groups of k-mers similar according to S(·, ·).
We note that this essentially corresponds to a kernel de-
Þned over clustered representationX C = L(X ) of the
original sequenceX , where X C is obtained from X by
mapping original sequence features into corresponding
similarity clusters C1, ...Cn . This is illustrated in Fig-
ure 1 for the case of feature spaceF taken as an al-
phabet set. We note that the cluster indicator function
L(·) can be obtained by clustering of the feature vec-
tors corresponding to the original features inF , e.g.
rows of the BLOSUM substitution matrix can be used
to cluster individual aminoacids or aminoacid k-mers
according to the Euclidean distance/similarity S(·, ·) be-
tween feature vectors. Alternatively, the partition over
F can be deÞned with respect to similarity S(·, ·) as
given by the physical/chemical properties of aminoacids
(e.g., L () could be deÞned as a threshold function based
on the hydropathy index). We show in experiments that
using abstraction/clustering kernel improves over using
original sequences alone.

! (x = ( x1, x2)) = [ x2
1, x2

2,
p

2x1x2,
p

2cx1,
p

2cx2, c]

K (x, y) = exp(� ||x � y||2

! 2
)

f (x) = wT " (x) > 0, x 2 X + (1)

f (x) = wT " (x) < 0, x 2 X � (2)

w =
X

#i á" (xi) (3)

f (x) =
X

i

#i" (x)T " (xi) =
X

i

#ik(x, x i) (4)

I S (#, $) =
⇢

1, if L (#) = L($)
0, otherwise

(5)

1

Cluster indicator function (according to S):

Cluster similarity kernel:

of kernel computation and result in a proper kernel
function K (X, Y |S). The Þrst approach (Sec. 4) uses
S(á, á) indirectly by clustering the original feature set
into groups of similar features. These groups are then
used for matching, with two features matched only if
they belong to same group (i.e. are similar according
to S(á, á)). In the second approach (Section 5), based
on recent work in similarity-based hashing in [21], an
approximation of the actual values of S(á, á) is used for
the similarity score computation. The two approaches
allow one either to incorporate non-Hamming similarity
S(á, á) into similarity evaluation by matching only the
features that are similar according to S(á, á) or to
retain actual (approximate) similarity/distance scores
in similarity evaluation.

4 Abstraction-based kernels

In this section we propose a generalization of the string
kernels that extends the typically employed symbolic
Hamming (0-1) distance and incorporates general sim-
ilarity metrics to reÞne matching of otherwise symboli-
cally di↵erent sequence fragments.

Standard string kernels typically use input se-
quences directly, i.e., they are deÞned over the input
alphabet |⌃|. Here we assume that the alphabet⌃ is
supplemented by a set of featuresF . For instance, in
the case of proteins the 20 amino acids can be supple-
mented by ordinal features that describe their physical
or chemical properties. Note that the feature set need
not be speciÞed explicitly, it is su�cient to deÞne the
similarity metric S(! , " ) that reßect symbol similarity
in this feature space.

To incorporate a similarity metric S(! , " ) into
string kernel framework, one possibility is to introduce
an indicator (matching) function I S (! , " ) that models
the given scoring metric by deÞning a partition over the
feature set (e.g., the set of allk-mers), which groups
similar (according to S(á, á)) features together. The
indicator function I S (á, á) would only match two k-mers
! and " if they belong to the same class, i.e. are similar
according to S(! , " ). Partitioning of the feature set
F essentially corresponds toclustering over the feature
set that generates more abstract entities (features).
Similar features that are grouped together can, for
instance, indicate semantic closeness of words in text, or
similarity in terms of physical or structural properties
for amino-acids in biological sequences, etc. Grouping
of features into similarity classes might also allow for
better generalization over learned sequence patterns and
improve sequence classiÞcation performance.

For a given feature setF (e.g., set of k-mers over
alphabet ⌃ or the alphabet ⌃ itself), with similarity re-
lationships between features inF encoded as a partition

Input
Sequence

. . . . . . C1C1 C3 C4

. . . . . . TV Q A

L()

Abstracted
Sequence

Figure 1: Abstraction-based kernel (F is the same as⌃).
Both the input sequenceX and the abstracted sequence
L(X ) can be used simultaneously.

over F , i.e. in n disjoint cluster sets C1, . . . , Cn ,
!

Ci =
F . Let L : F ! { C1, . . . , Cn } be the cluster (par-
tition) indicator function. The abstraction/clustering-
based kernel underL() can then be deÞned as

K L (X, Y ) =
"

�2F

"

↵2X

I S (! , #)
"

�2Y

I S (" , #)

=
"

↵2X

"

�2Y

"

�2F
I S (! , #)I S (" , #)(4.6)

where the indicator I S () reßects grouping over features
induced by similarity measure S(á, á), I S (! , " ) = 1, if
L (! ) = L(" ) and 0 otherwise. We note that the two
k-mers ! and " will be matched only if they belong
to the same group, L (! ) = L(" ), i.e. ! and " are
similar according to S(., .). This allows one to incor-
porate non-Hamming similarity relationships between
k-mers into the similarity/kernel evaluation. Similarity
function S(! , " ) between k-mers can be the Euclidean
distance between the corresponding real-valued feature
vectors, or may reßect similarity with respect to the
physical/structural properties. Clustering of these fea-
ture vectors would then group the original k-mer fea-
tures into groups of k-mers similar according to S(á, á).
We note that this essentially corresponds to a kernel de-
Þned over clustered representationX C = L(X ) of the
original sequenceX , where X C is obtained from X by
mapping original sequence features into corresponding
similarity clusters C1, ...Cn . This is illustrated in Fig-
ure 1 for the case of feature spaceF taken as an al-
phabet set. We note that the cluster indicator function
L(á) can be obtained by clustering of the feature vec-
tors corresponding to the original features in F , e.g.
rows of the BLOSUM substitution matrix can be used
to cluster individual aminoacids or aminoacid k-mers
according to the Euclidean distance/similarity S(á, á) be-
tween feature vectors. Alternatively, the partition over
F can be deÞned with respect to similarity S(á, á) as
given by the physical/chemical properties of aminoacids
(e.g., L () could be deÞned as a threshold function based
on the hydropathy index). We show in experiments that
using abstraction/clustering kernel improves over using
original sequences alone.

Feature set:       = set of k-mers

• defines partitioning of the feature set into n disjoint subsets
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1. Cluster similarity 
kernel

• Constructs abstracted sequence using similarity 
metric S 

• Benefits: 
• can incorporate non-symbolic/non-Hamming 

interrelationships between symbolic k-mers
• still linear time computation

• Drawback: does not necessarily quantify similarity 
level, i.e., how similar are the two k-mers?

of kernel computation and result in a proper kernel
function K(X,Y |S). The Þrst approach (Sec. 4) uses
S(·, ·) indirectly by clustering the original feature set
into groups of similar features. These groups are then
used for matching, with two features matched only if
they belong to same group (i.e. are similar according
to S(·, ·)). In the second approach (Section 5), based
on recent work in similarity-based hashing in [21], an
approximation of the actual values ofS(·, ·) is used for
the similarity score computation. The two approaches
allow one either to incorporate non-Hamming similarity
S(·, ·) into similarity evaluation by matching only the
features that are similar according to S(·, ·) or to
retain actual (approximate) similarity/distance scores
in similarity evaluation.

4 Abstraction-based kernels

In this section we propose a generalization of the string
kernels that extends the typically employed symbolic
Hamming (0-1) distance and incorporates general sim-
ilarity metrics to reÞne matching of otherwise symboli-
cally di! erent sequence fragments.

Standard string kernels typically use input se-
quences directly, i.e., they are deÞned over the input
alphabet |" |. Here we assume that the alphabet" is
supplemented by a set of featuresF . For instance, in
the case of proteins the 20 amino acids can be supple-
mented by ordinal features that describe their physical
or chemical properties. Note that the feature set need
not be speciÞed explicitly, it is su# cient to deÞne the
similarity metric S(↵,�) that reßect symbol similarity
in this feature space.

To incorporate a similarity metric S(↵,�) into
string kernel framework, one possibility is to introduce
an indicator (matching) function IS (↵,�) that models
the given scoring metric by deÞning a partition over the
feature set (e.g., the set of allk-mers), which groups
similar (according to S(·, ·)) features together. The
indicator function IS (·, ·) would only match two k-mers
↵ and � if they belong to the same class, i.e. are similar
according to S(↵,�). Partitioning of the feature set
F essentially corresponds toclustering over the feature
set that generates more abstract entities (features).
Similar features that are grouped together can, for
instance, indicate semantic closeness of words in text, or
similarity in terms of physical or structural properties
for amino-acids in biological sequences, etc. Grouping
of features into similarity classes might also allow for
better generalization over learned sequence patterns and
improve sequence classiÞcation performance.

For a given feature setF (e.g., set ofk-mers over
alphabet " or the alphabet " itself), with similarity re-
lationships between features inF encoded as a partition
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L ()
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Figure 1: Abstraction-based kernel (F is the same as" ).
Both the input sequenceX and the abstracted sequence
L(X) can be used simultaneously.

over F , i.e. in n disjoint cluster setsC1, . . . , Cn,
S

Ci =
F . Let L : F ! {C1, . . . , Cn} be the cluster (par-
tition) indicator function. The abstraction/clustering-
based kernel underL() can then be deÞned as

KL(X,Y ) =
X

�2F

X

↵2X

IS (↵, �)
X

�2Y

IS (�, �)

=
X

↵2X

X

�2Y

X

�2F

IS (↵, �)IS (�, �)(4.6)

where the indicator IS () reßects grouping over features
induced by similarity measure S(·, ·), IS (↵,�) = 1, if
L(↵) = L(�) and 0 otherwise. We note that the two
k-mers ↵ and � will be matched only if they belong
to the same group, L(↵) = L(�), i.e. ↵ and � are
similar according to S(., .). This allows one to incor-
porate non-Hamming similarity relationships between
k-mers into the similarity/kernel evaluation. Similarity
function S(↵,�) between k-mers can be the Euclidean
distance between the corresponding real-valued feature
vectors, or may reßect similarity with respect to the
physical/structural properties. Clustering of these fea-
ture vectors would then group the original k-mer fea-
tures into groups of k-mers similar according toS(·, ·).
We note that this essentially corresponds to a kernel de-
Þned over clustered representationXC = L(X) of the
original sequenceX, where XC is obtained from X by
mapping original sequence features into corresponding
similarity clusters C1, ...Cn. This is illustrated in Fig-
ure 1 for the case of feature spaceF taken as an al-
phabet set. We note that the cluster indicator function
L(·) can be obtained by clustering of the feature vec-
tors corresponding to the original features inF , e.g.
rows of the BLOSUM substitution matrix can be used
to cluster individual aminoacids or aminoacid k-mers
according to the Euclidean distance/similarity S(·, ·) be-
tween feature vectors. Alternatively, the partition over
F can be deÞned with respect to similarityS(·, ·) as
given by the physical/chemical properties of aminoacids
(e.g.,L() could be deÞned as a threshold function based
on the hydropathy index). We show in experiments that
using abstraction/clustering kernel improves over using
original sequences alone.
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2. Similarity-preserving 
kernel

1. Learn symbolic embedding E for which 
Hamming distance accurately approximates S

                  h(E(a),E(b)) ~ S(a,b)

2. Use Hamming-type computation to efficiently 
evaluate kernel               in linear time

5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a fixed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(·, ·). For a given scoring
function S(! , " ) that reflects the semantic similarity be-
tween sequence elements, a string kernel can then be
defined as in Eq.3.5.

That definition, however, results in quadratic com-
putation O(|X| · |Y |) complexity. We will now define
a computationally more e! cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(·, ·). This will
allow us to develop a linear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embedding E(·) for which the Hamming simi-
larity could approximate S(·, ·), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e! ciently evaluate the similarity kernel
K(X,Y |S).

To learn a symbolic embedding that approximates
S(·, ·), a similarity hashing-basedapproach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E(X) = E(x1), ..., E(xn )

for a given input sequence X = x1, ..., xn of R-
dimensional feature vectors, where E(xi ) = ei

1e
i
2 . . . e

i
B

is a symbolic Hamming embedding for item xi in X,
with |E(xi )| = B, the number of bits in a resulting
binary embedding of xi . Under this embedding, the
Hamming similarity, h! ," , between two feature embed-
dings E(! ) and E(" ) is proportional to the original sim-
ilarity score S(! , " ). The kernel evaluation K(X,Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K 0(E(X), E(Y )) (e.g., spectrum or mis-
match) over embedded sequences E(X), E(Y ). For a
typical length of a Hamming embedding (e.g., B=64),
computing the k-mer mismatch kernel may be di! -
cult due to very large equivalent values of k0 = k · B,
m0 = m · B since the complexity of the best string ker-
nel algorithms depends as O(km ) on the values of k, and
m. To solve this problem, in what follows we develop
a very e" ective approximation of the mismatch kernel
that allows e! cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB,mB)-mismatch problem, we will show that a col-

...

0. 21

0 . 19

0 . 05

V Q A . . . . . . T

. . . . . .R ...

0. 06

0 . 09

0 . 10

...

0. 30

0 . 03

0 . 15

...

1

1

0

...

1

0

1
B ...

0

1

0

�1�2 �2k

. . . . . .

. . . . . .

M ()

Input
Sequence

E()

. . .1 4 0. . .0 2 3

�1�2 �2k

b = 1 b = B

�()

Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M(·) is
used to obtain sequence X of R-dim. feature vectors
that are then embedded into B-bit vectors to obtain
E(X). Feature map # (E(X)) yields B ! 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e! cient inexact matching
for even high-dimensional embeddings, E.

For a given sequence set D, where each X " D
is a sequence of R-dimensional feature vector, let E =
{E(X) : X " D}. In the following, we describe a kernel
measure, Kk (E(X), E(Y )), for computing similarity
between two Hamming embeddings E(X), E(Y ) of the
original sequences X and Y . To do this we note that
our binary embedding of each sequence X results in this
sequence being represented as a B ! |X| binary matrix,
with each column l being the binary embedding of the l-
th element xl . The rationale for the choice of Kk below
will be discussed in detail in Sec. 5.3.

To compare two embeddings E(X) and E(Y ) (i.e.,
two binary matrices of size B ! |X|, B ! |Y |), we define
a feature map # k , from E into a B ! 2k dimensional

The algorithm complexity depends on the size of ⌃ since
during a trie traversal, possible substitutions are drawn
from ⌃ explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatches m, as well as |⌃|.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use only symbolicHamming-
distance based matching, which may not necessarily re-
flect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I(↵,�), of two k-mers ↵ and
� is independent of the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reflected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabet-independentcomplex-
ity for Hamming-distance based matching. This enables
e�cient computation of a wide class of existing string
kernels for datasets with large |⌃|. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e�cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e↵ective improvements in practice
for a number of challenging classification problems (Sec-
tion 6).

3 Spectrum/Mismatch and General Similarity
Kernels

In this section we will first discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequence X over the alphabet ⌃ the
spectrum-k kernel [13] and the mismatch(k,m) ker-
nel [14] induce the following |⌃|k -dimensional represen-

tation for the sequence X considered as a set of k-mers:

(3.3) �k,m (�|X) =

 
X

↵2X

Im (↵, �)

!

�2⌃

k

where Im (↵, �) = 1 if ↵ ! Nk,m (�), and Nk,m (�) is the
mutational neighborhood, the set of all k-mers that dif-
fer from � by at most m mismatches. Note that, by
definition, for spectrum-k kernels, m = 0. E↵ectively,
these are the bag-of-substringsrepresentations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequence X.

The spectrum/mismatch kernel is then defined as

K(X,Y |k,m) =
X

�2⌃

k

�k,m (�|X)�k,m (�|Y )

=
X

↵2X

X

�2Y

X

�2⌃

k

Im (↵, �)Im (�, �)(3.4)

One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
↵ and � contained in sequences X and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (↵,�) is based
on the number of identical substrings their muta-
tional neighborhoods Nk,m (↵) and Nk,m (�) give rise to,P

�2⌃

k Im (↵, �)Im (�, �). For the spectrum kernel, this
similarity is simply the exact matching of ↵ and �.

One can generalize this and allow an arbitrary met-
ric similarity function S(↵,�) to replace the Hamming
similarity

P
�2⌃

k Im (↵, �)Im (�, �) " S(↵,�) and ob-
tain general similarity kernel:

(3.5) K(X,Y |k,S) =
X

↵2X

X

�2Y

S(↵,�).

Such similarity function can go significantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomes quadratic in their lengths, O(|X| · |Y |). On the
other hand, mismatch type of representations can be
e�ciently evaluated in O(ck,m (|X|+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K(X,Y |k,S) for arbitrary
similarity metric S(·, ·).

Our goal here is to approach the above process “in
reverse”: start with a general similarity metric S and
replace it with an approximate, but computationally
e�cient, Hamming-type computation. In the following
we consider two approaches for incorporating S(·, ·) into
sequence matching that preserve linear time complexity
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2.I: symbolic embedding

5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a fixed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(á, á). For a given scoring
function S(! , " ) that reflects the semantic similarity be-
tween sequence elements, a string kernel can then be
defined as in Eq.3.5.

That definition, however, results in quadratic com-
putation O(|X | á |Y |) complexity. We will now define
a computationally more e! cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(á, á). This will
allow us to develop a linear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embedding E (á) for which the Hamming simi-
larity could approximate S(á, á), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e! ciently evaluate the similarity kernel
K (X, Y |S).

To learn a symbolic embedding that approximates
S(á, á), a similarity hashing-basedapproach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E (X ) = E (x1), ..., E (xn )

for a given input sequence X = x1, ..., xn of R-
dimensional feature vectors, where E (xi ) = ei

1ei
2 . . . ei

B
is a symbolic Hamming embedding for item xi in X ,
with |E (xi )| = B , the number of bits in a resulting
binary embedding of xi . Under this embedding, the
Hamming similarity, h↵,� , between two feature embed-
dings E (! ) and E (" ) is proportional to the original sim-
ilarity score S(! , " ). The kernel evaluation K (X, Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K 0(E (X ), E (Y )) (e.g., spectrum or mis-
match) over embedded sequences E (X ), E (Y ). For a
typical length of a Hamming embedding (e.g., B=64),
computing the k-mer mismatch kernel may be di! -
cult due to very large equivalent values of k0 = k áB ,
m0 = m áB since the complexity of the best string ker-
nel algorithms depends as O(km ) on the values of k, and
m. To solve this problem, in what follows we develop
a very e" ective approximation of the mismatch kernel
that allows e! cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB ,mB )-mismatch problem, we will show that a col-
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Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M (á) is
used to obtain sequence X of R-dim. feature vectors
that are then embedded into B -bit vectors to obtain
E (X ). Feature map # (E (X )) yields B ⇥ 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e! cient inexact matching
for even high-dimensional embeddings, E .

For a given sequence set D, where each X 2 D
is a sequence of R-dimensional feature vector, let E =
{ E (X ) : X 2 D} . In the following, we describe a kernel
measure, K k (E (X ), E (Y )), for computing similarity
between two Hamming embeddings E (X ), E (Y ) of the
original sequences X and Y . To do this we note that
our binary embedding of each sequence X results in this
sequence being represented as a B ⇥ |X | binary matrix,
with each column l being the binary embedding of the l-
th element xl . The rationale for the choice of K k below
will be discussed in detail in Sec. 5.3.

To compare two embeddings E (X ) and E (Y ) (i.e.,
two binary matrices of size B ⇥ |X |, B ⇥ |Y |), we define
a feature map # k , from E into a B ⇥ 2k dimensional

5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a fixed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(·, ·). For a given scoring
function S(! , " ) that reflects the semantic similarity be-
tween sequence elements, a string kernel can then be
defined as in Eq.3.5.

That definition, however, results in quadratic com-
putation O(|X| · |Y |) complexity. We will now define
a computationally more e! cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(·, ·). This will
allow us to develop a linear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embedding E(·) for which the Hamming simi-
larity could approximate S(·, ·), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e! ciently evaluate the similarity kernel
K(X,Y |S).

To learn a symbolic embedding that approximates
S(·, ·), a similarity hashing-basedapproach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E(X) = E(x
1

), ..., E(xn)

for a given input sequence X = x
1

, ..., xn of R-
dimensional feature vectors, where E(xi) = ei

1

ei
2

. . . eiB
is a symbolic Hamming embedding for item xi in X,
with |E(xi)| = B, the number of bits in a resulting
binary embedding of xi. Under this embedding, the
Hamming similarity, h! ," , between two feature embed-
dings E(! ) and E(" ) is proportional to the original sim-
ilarity score S(! , " ). The kernel evaluation K(X,Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K !(E(X), E(Y )) (e.g., spectrum or mis-
match) over embedded sequences E(X), E(Y ). For a
typical length of a Hamming embedding (e.g., B=64),
computing the k-mer mismatch kernel may be di! -
cult due to very large equivalent values of k! = k · B,
m! = m · B since the complexity of the best string ker-
nel algorithms depends as O(km) on the values of k, and
m. To solve this problem, in what follows we develop
a very e" ective approximation of the mismatch kernel
that allows e! cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB,mB)-mismatch problem, we will show that a col-
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Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M(·) is
used to obtain sequence X of R-dim. feature vectors
that are then embedded into B-bit vectors to obtain
E(X). Feature map # (E(X)) yields B ! 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e! cient inexact matching
for even high-dimensional embeddings, E.

For a given sequence set D, where each X " D
is a sequence of R-dimensional feature vector, let E =
{E(X) : X " D}. In the following, we describe a kernel
measure, Kk(E(X), E(Y )), for computing similarity
between two Hamming embeddings E(X), E(Y ) of the
original sequences X and Y . To do this we note that
our binary embedding of each sequence X results in this
sequence being represented as a B ! |X| binary matrix,
with each column l being the binary embedding of the l-
th element xl. The rationale for the choice of Kk below
will be discussed in detail in Sec. 5.3.

To compare two embeddings E(X) and E(Y ) (i.e.,
two binary matrices of size B ! |X|, B ! |Y |), we define
a feature map # k, from E into a B ! 2k dimensional

5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a Þxed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(á, á). For a given scoring
function S(! , " ) that reßects the semantic similarity be-
tween sequence elements, a string kernel can then be
deÞned as in Eq.3.5.

That deÞnition, however, results in quadratic com-
putation O(|X | á |Y |) complexity. We will now deÞne
a computationally more e�cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(á, á). This will
allow us to develop alinear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embeddingE(á) for which the Hamming simi-
larity could approximate S(á, á), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e�ciently evaluate the similarity kernel
K (X, Y |S).

To learn a symbolic embedding that approximates
S(á, á), a similarity hashing-based approach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E(X ) = E(x
1

), ..., E (xn)

for a given input sequence X = x
1

, ..., xn of R-
dimensional feature vectors, whereE(xi) = ei

1

ei
2

. . . eiB
is a symbolic Hamming embedding for itemxi in X ,
with |E (xi)| = B , the number of bits in a resulting
binary embedding of xi. Under this embedding, the
Hamming similarity, h↵,� , between two feature embed-
dings E(! ) and E(" ) is proportional to the original sim-
ilarity score S(! , " ). The kernel evaluation K (X, Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K !(E (X ), E (Y )) (e.g., spectrum or mis-
match) over embedded sequencesE(X ), E (Y ). For a
typical length of a Hamming embedding (e.g.,B =64),
computing the k-mer mismatch kernel may be di�-
cult due to very large equivalent values ofk! = k áB ,
m! = m áB since the complexity of the best string ker-
nel algorithms depends asO(km) on the values ofk, and
m. To solve this problem, in what follows we develop
a very e↵ective approximation of the mismatch kernel
that allows e�cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB ,mB )-mismatch problem, we will show that a col-
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Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M (á) is
used to obtain sequenceX of R-dim. feature vectors
that are then embedded into B -bit vectors to obtain
E(X ). Feature map �(E (X )) yields B ⇥ 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e�cient inexact matching
for even high-dimensional embeddings,E .

For a given sequence setD, where eachX 2 D
is a sequence ofR-dimensional feature vector, let E =
{ E(X ) : X 2 D} . In the following, we describe a kernel
measure, K k(E (X ), E (Y )), for computing similarity
between two Hamming embeddingsE(X ), E (Y ) of the
original sequencesX and Y . To do this we note that
our binary embedding of each sequenceX results in this
sequence being represented as aB ⇥ |X | binary matrix,
with each column l being the binary embedding of thel-
th element xl. The rationale for the choice ofK k below
will be discussed in detail in Sec. 5.3.

To compare two embeddingsE(X ) and E(Y ) (i.e.,
two binary matrices of sizeB ⇥ |X |, B ⇥ |Y |), we deÞne
a feature map �k, from E into a B ⇥ 2k dimensional
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ing biological problems, including protein remote ho-
mology detection, protein structural class classiÞcation,
and protein binding prediction.

3 MULTIVARIATE DISCRETE SEQUENCE

METHOD

In a typical setting, string kernels are applied to 1D
(univariate) string data, such as amino acid sequences
or DNA sequences. In this work we consider alternative
multivariate representationsfor sequences (Fig. 1a) asse-
quences ofR-dim feature vectors(e.g., sequences of amino-
acid descriptor vectors, or amino-acid sequence proÞles).
In particular, given as input description of biological
sequences in the form of sequences of (real-valued)
identically sized amino-acid feature vectors, we consider
the following two discrete multivariaterepresentations:
1) Symbolic embedding. Encoding original real-valued R-

dim feature vectors in discrete (binary) E-dim space
using, e.g., similarity hashing approach [26] (Fig-
ure 1a; left subÞgure);

2) Direct feature quantization. Directly quantizing each
feature using, for example, uniform binning (Fig-
ure 1a; right subÞgure), i.e. representing original (real-
valued) R ! |X | feature sequence asR ! |X | discrete
sequence.

In both approaches, the (real-valued) multivariate ( R!
|X |) feature sequence X is re-represented as E ! |X |
or |R| ! |X | multivariate (2D) discrete feature sequence.
Figure 2 illustrates these representations for a given
sequenceX =ÕSLFEQLGVÕ. In this Þgure, a 20-dim multi-
variate representation for original 1D sequence of amino
acids is obtained by replacing each individual amino
acid with a 20-dim vector of substitution BLOSUM62
scores which are then either directly discretized (Fig. 2a)
or transformed into binary vectors using symbolic Ham-
ming embedding (Fig. 2b). Resulting multivariate repre-
sentations reßect underlying similarities among amino
acids more accurately compared to symbolic 1D Ham-
ming similarities.

We will show in the experiments that using these
discrete multivariate representationscan signiÞcantly (by
15-20%) improve predictive accuracy compared to tradi-
tional 1D (univariate) kernel representations as well as
other state-of-the-art approaches (Sec. 4).

In the following, we will discuss these proposed rep-
resentation approaches in detail.

3.1 Direct feature quantization

In this approach, each feature f j , j = 1 . . . R is quantized
by dividing its range (f j

min , f j
max ) into a Þnite number

of intervals. In the simplest case, the intervals can be
deÞned, for instance, using uniform quantization, where
the entire feature data range is divided into B equal
intervals of length ! = ( f max " f min )/B and the index
of quantized feature value Q(f ) = ( f " f min )/ ! is used
to represent the feature value f . Partitioning the feature

data range could also be obtained by using 1D clustering,
e.g. k-means, to adaptively choose dicretization levels.

In the experiments (Sec. 4) we use this approach with
20 ! |X | sequence proÞles obtained from PSI-BLAST
and 20 ! |X | BLOSUM substitution proÞles, and show
how using these multivariate representations with mul-
tivariate similarity kernels (Sec. 3.3) can improve the
predictive ability of classiÞers on a number of protein
sequence classiÞcation tasks.

3.2 Discrete (symbolic) Embedding

Given multivariate input sequence X = x1, . . . , xn of R-
dim feature vectors, each R-dim vector can be mapped
into discrete feature vectors using symbolic embedding
E(·) as in, for example, similarity hashing [26]. Using
similarity hashing, input sequence X = x1, ..., xn of R-
dimensional feature vectors, xi # RR $i , is mapped
intro a binary Hamming-space embedded sequence

E(X ) = E(x1), ..., E (xn ),

where E(xi ) = ei
1ei

2 . . . ei
B is a symbolic Hamming

embedding for item xi in X , with |E(xi )| = B , the
number of bits in a resulting binary embedding of xi .
This embedding as proposed in [26] essentially aims
to minimize average Hamming distance between binary
embeddings corresponding to similar R-dim data points:

min
!

! ,"

S(" , #)h(E(" ), E (#))2 (4)

where S(" , #) is the similarity between data points "
and # in the original R-dim space and h(E(" ), E (#)) is
the Hamming distance between binary vectors E(" ) and
E(#) in the Hamming embedded space.

The solution (set of embedding binary vectors E(·)
that minimize the embedding objective in Eq. 4) can be
obtained by solving the eigenvalue problem as shown
in [26] and thresholding eigenfunctions to obtain binary
codes.

Under this binary Hamming embedding, the Ham-
ming similarity, h(E(" ), E (#), between two B -dim fea-
ture embeddings E(" ) and E(#) is proportional to the
original similarity score S(" , #) between R-dim vectors
" and #, i.e.

h(E(" ), E (#)) %S(" , #). (5)

Using this Hamming embedding approach, original
R ! |X | (real-valued) feature sequence X is represented
as E ! |X | binary feature sequence, which can then be
used with the string kernel method.

3.3 Multivariate similarity kernels

We now introduce efÞcient multivariate similarity kernels
for the discrete multivariate sequence representations
deÞned in Sec. 3.

The input sequencesX and Y are sequences of identi-
cally sized (e.g., discreteR-dim or binary B -dim) amino-
acid feature vectors (see Fig. 2). Similarity evaluation

Similarity hashing:
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ing biological problems, including protein remote ho-
mology detection, protein structural class classification,
and protein binding prediction.

3 MULTIVARIATE DISCRETE SEQUENCE

METHOD

In a typical setting, string kernels are applied to 1D
(univariate) string data, such as amino acid sequences
or DNA sequences. In this work we consider alternative
multivariate representationsfor sequences (Fig. 1a) as se-
quences ofR-dim feature vectors(e.g., sequences of amino-
acid descriptor vectors, or amino-acid sequence profiles).
In particular, given as input description of biological
sequences in the form of sequences of (real-valued)
identically sized amino-acid feature vectors, we consider
the following two discrete multivariaterepresentations:
1) Symbolic embedding. Encoding original real-valued R-

dim feature vectors in discrete (binary) E -dim space
using, e.g., similarity hashing approach [26] (Fig-
ure 1a; left subfigure);

2) Direct feature quantization. Directly quantizing each
feature using, for example, uniform binning (Fig-
ure 1a; right subfigure), i.e. representing original (real-
valued) R ⇥ |X | feature sequence as R ⇥ |X | discrete
sequence.

In both approaches, the (real-valued) multivariate (R⇥
|X |) feature sequence X is re-represented as E ⇥ |X |
or |R|⇥ |X | multivariate (2D) discrete feature sequence.
Figure 2 illustrates these representations for a given
sequence X =’SLFEQLGV’. In this figure, a 20-dim multi-
variate representation for original 1D sequence of amino
acids is obtained by replacing each individual amino
acid with a 20-dim vector of substitution BLOSUM62
scores which are then either directly discretized (Fig. 2a)
or transformed into binary vectors using symbolic Ham-
ming embedding (Fig. 2b). Resulting multivariate repre-
sentations reflect underlying similarities among amino
acids more accurately compared to symbolic 1D Ham-
ming similarities.

We will show in the experiments that using these
discrete multivariate representationscan significantly (by
15-20%) improve predictive accuracy compared to tradi-
tional 1D (univariate) kernel representations as well as
other state-of-the-art approaches (Sec. 4).

In the following, we will discuss these proposed rep-
resentation approaches in detail.

3.1 Direct feature quantization

In this approach, each feature f j , j = 1 . . . R is quantized
by dividing its range (f j

min

, f j

max

) into a finite number
of intervals. In the simplest case, the intervals can be
defined, for instance, using uniform quantization, where
the entire feature data range is divided into B equal
intervals of length � = (f

max

� f
min

)/B and the index
of quantized feature value Q(f ) = (f � f

min

)/ � is used
to represent the feature value f . Partitioning the feature

data range could also be obtained by using 1D clustering,
e.g. k-means, to adaptively choose dicretization levels.

In the experiments (Sec. 4) we use this approach with
20 ⇥ |X | sequence profiles obtained from PSI-BLAST
and 20 ⇥ |X | BLOSUM substitution profiles, and show
how using these multivariate representations with mul-
tivariate similarity kernels (Sec. 3.3) can improve the
predictive ability of classifiers on a number of protein
sequence classification tasks.

3.2 Discrete (symbolic) Embedding

Given multivariate input sequence X = x1, . . . , x
n

of R-
dim feature vectors, each R-dim vector can be mapped
into discrete feature vectors using symbolic embedding
E (·) as in, for example, similarity hashing [26]. Using
similarity hashing, input sequence X = x1, ..., x

n

of R-
dimensional feature vectors, x

i

2 RR 8i , is mapped
intro a binary Hamming-space embedded sequence

E (X ) = E (x1), ..., E (x
n

),

where E (x
i

) = ei1ei2 . . . ei
B

is a symbolic Hamming
embedding for item x

i

in X , with |E (x
i

)| = B , the
number of bits in a resulting binary embedding of x

i

.
This embedding as proposed in [26] essentially aims
to minimize average Hamming distance between binary
embeddings corresponding to similar R-dim data points:

min

X

↵,�

S(↵,�)h(E (↵), E (�))2 (4)

where S(↵,�) is the similarity between data points ↵
and � in the original R-dim space and h(E (↵), E (�)) is
the Hamming distance between binary vectors E (↵) and
E (�) in the Hamming embedded space.

The solution (set of embedding binary vectors E (·)
that minimize the embedding objective in Eq. 4) can be
obtained by solving the eigenvalue problem as shown
in [26] and thresholding eigenfunctions to obtain binary
codes.

Under this binary Hamming embedding, the Ham-
ming similarity, h(E (↵), E (�), between two B -dim fea-
ture embeddings E (↵) and E (�) is proportional to the
original similarity score S(↵,�) between R-dim vectors
↵ and �, i.e.

h(E (↵), E (�)) / S(↵,�). (5)

Using this Hamming embedding approach, original
R ⇥ |X | (real-valued) feature sequence X is represented
as E ⇥ |X | binary feature sequence, which can then be
used with the string kernel method.

3.3 Multivariate similarity kernels

We now introduce efficient multivariate similarity kernels
for the discrete multivariate sequence representations
defined in Sec. 3.

The input sequences X and Y are sequences of identi-
cally sized (e.g., discrete R-dim or binary B -dim) amino-
acid feature vectors (see Fig. 2). Similarity evaluation
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5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a Þxed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(á, á). For a given scoring
function S(! , " ) that reßects the semantic similarity be-
tween sequence elements, a string kernel can then be
deÞned as in Eq.3.5.

That deÞnition, however, results in quadratic com-
putation O(|X | á |Y |) complexity. We will now deÞne
a computationally more e�cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(á, á). This will
allow us to develop alinear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embeddingE(á) for which the Hamming simi-
larity could approximate S(á, á), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e�ciently evaluate the similarity kernel
K(X,Y |S).

To learn a symbolic embedding that approximates
S(á, á), a similarity hashing-based approach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E(X) = E(x
1

), ..., E(xn )

for a given input sequence X = x
1

, ..., xn of R-
dimensional feature vectors, whereE(xi ) = ei

1

ei
2

. . . ei
B

is a symbolic Hamming embedding for itemxi in X,
with |E(xi )| = B, the number of bits in a resulting
binary embedding of xi . Under this embedding, the
Hamming similarity, h! ," , between two feature embed-
dingsE(! ) and E(" ) is proportional to the original sim-
ilarity score S(! , " ). The kernel evaluation K(X,Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K ! (E(X), E(Y )) (e.g., spectrum or mis-
match) over embedded sequencesE(X), E(Y ). For a
typical length of a Hamming embedding (e.g.,B=64),
computing the k-mer mismatch kernel may be di�-
cult due to very large equivalent values ofk! = k áB,
m! = m áB since the complexity of the best string ker-
nel algorithms depends asO(km ) on the values ofk, and
m. To solve this problem, in what follows we develop
a very e↵ective approximation of the mismatch kernel
that allows e�cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB,mB)-mismatch problem, we will show that a col-
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Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M (á) is
used to obtain sequenceX of R-dim. feature vectors
that are then embedded into B-bit vectors to obtain
E(X). Feature map �(E(X)) yields B⇥ 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e�cient inexact matching
for even high-dimensional embeddings,E.

For a given sequence setD, where eachX 2 D
is a sequence ofR-dimensional feature vector, let E =
{E(X) : X 2 D} . In the following, we describe a kernel
measure, Kk (E(X), E(Y )), for computing similarity
between two Hamming embeddingsE(X), E(Y ) of the
original sequencesX and Y . To do this we note that
our binary embedding of each sequenceX results in this
sequence being represented as aB⇥ |X | binary matrix,
with each column l being the binary embedding of thel-
th element xl . The rationale for the choice ofKk below
will be discussed in detail in Sec. 5.3.

To compare two embeddingsE(X) and E(Y ) (i.e.,
two binary matrices of sizeB⇥ |X |, B⇥ |Y |), we deÞne
a feature map �k , from E into a B ⇥ 2k dimensional

• separate 2k feature map for each dimension b=1...B
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where s!" is the number of identical rows in ! and " ,
and ! [b] denotesbth row of ! .

It is easy to see that we have the following rela-
tionship between s!" , the number of of identical rows
between! and " , and h!" , the hamming similarity be-
tween ! and "

(5.15) max{h!" � (k � 1)B, 0}  s!"  h!"

k

Using the above relationship betweens!" and h!" , we
observe that the kernel value in Eq. 5.11 is related to
the total Hamming similarity H(E(X), E(Y )), between
embeddingsE(X) and E(Y ) as
(5.16)

max{H(E(X),E(Y ))� ˆB,0}K(E(X),E(Y )) H (E (X ),E (Y ))
k

where öB =
!

! 2E(X)

!
" 2E(Y )

(k � 1)B (note that öB
is bounded above by |X ||Y |kB). By the similarity
preserving property of E, H(E(Y ), E(Y )) ⇠ S(X,Y ).
This together with the above bounds implies that the
kernel value in Eq. 5.11 can be used to e! ciently
evaluate similarity kernel K(X,Y |S) in Eq. 3.5.

6 Evaluation

We study the performance of our algorithms, in terms
of predictive accuracy, on standard benchmark datasets
for protein sequence analysis and music genre classiÞca-
tion.

Datasets and experimental setup. We use four stan-
dard benchmark datasets to compare with previously
published results: the SCOP dataset (7329 sequences
with 2862 labeled) [22] for remote protein homology
detection, the Ding-Dubchak dataset [2] (27 folds, 694
sequences) [5, 16] for protein fold recognition, multi-
class remote fold recognition dataset [16], and music
genre data [1] (10 classes, 1000 sequences consisting
of 13-dim. MFCC feature vectors) [15] for multi-class
genre prediction. For protein sequence classiÞcation
under the semi-supervised setting, we also use the
Swiss-Prot dataset, a collection of about 100K protein
sequences, as an unlabeled dataset, following the setup
of [11]. For remote protein homology experiments, we
follow standard experimental setup used in previous
studies [22] and evaluate average classiÞcation perfor-
mance on 54 remote homology problems. For music
genre classiÞcation we use 5-fold cross-validation error
to evaluate classiÞcation performance. For multi-class
fold prediction, we use standard data splits as de-
scribed in [5, 16]. All experiments are performed on a
single 2.8GHz CPU. The datasets used in our experi-
ments and the supplementary data/code are available at
http://paul.rutgers.edu/~pkuksa/generalkernels/.

Evaluation measures. The methods are evaluated
using 0-1 and top-q balanced error rates as well as F1

scores and precision and recall rates. Under the top-q
error cost function, a classiÞcation is considered cor-
rect if the rank of the correct label, obtained by sort-
ing all prediction conÞdences in non-increasing order,
is at most q. On the other hand, under the balanced
error cost function, the penalty of mis-classifying one
sequence is inversely proportional to the number of se-
quences in the target class (i.e. mis-classifying a se-
quence from a class with a small number of examples
results in a higher penalty compared to that of mis-
classifying a sequence from a large, well represented
class). We evaluate reemote protein homology perfor-
mance using standard Receiver Operat- ing Character-
istic (ROC) and ROC50 scores. The ROC50 score is the
(normalized) area under the ROC curve computed for
up to 50 false positives. With a small number of posi-
tive test sequences and a large number of negative test
sequences, the ROC50 score is typically more indica-
tive of the prediction accuracy of a homology detection
method than the ROC score.

6.1 Empirical performance analysis In this sec-
tion we show predictive performance for several se-
quence analysis tasks using our similarity/distance-
preserving symbolic embedding string kernels (Sec. 5)
and abstraction-based string kernels (Sec. 4).

For protein sequences we use as feature vectors rows
of the BLOSUM62 substitution matrices to represent 20
aminoacids (M step in Fig. 2, R=20). In case of the
music data, input sequences are sequences of 13-dim.
MFCC features (R=13). For symbolic Hamming em-
bedding we useB = 16, 32, 64 andk-mers with k=5 (we
use method described in [21] to obtain binary Hamming
embeddings). For abstraction/clustering based kernel,
we cluster a set of MFCC into |" | = 2048 clusters; for
protein sequence data, 20-dim. BLOSUM score vectors
are clustered into |" | = 4 groups (this corresponds to
the number of typical groups of amino acids accord-
ing to their hydropathy). For the experiments on the
protein sequences, we report results for incorporating
BLOSUM similarity between aminoacids using abstrac-
tion/cluster kernel (results using binary embedding are
similar and not shown). For the music experiments,
we compare clustering approach to incorporatingS and
similarity/distance-preserving Hamming approach that
preserves (approximate) distance according toS.

We consider the tasks of multi-class music genre
classiÞcation [15], with results in Table 1, and the
protein remote homology (superfamily) prediction [13,
8, 7] in Table 4. We also include results for multi-class
fold prediction [5, 16] in Table 2 and Table 3.

On the music classiÞcation task (Table 1), we
observe signiÞcant improvements in accuracy using

=> K(E(X),E(Y)) ~ K(X,Y|S)

Kernel value 
approximates general 

similarity function 

The algorithm complexity depends on the size of ⌃ since
during a trie traversal, possible substitutions are drawn
from ⌃ explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatches m, as well as |⌃|.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use only symbolicHamming-
distance based matching, which may not necessarily re-
flect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I(↵,�), of two k-mers ↵ and
� is independent of the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reflected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabet-independentcomplex-
ity for Hamming-distance based matching. This enables
e�cient computation of a wide class of existing string
kernels for datasets with large |⌃|. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e�cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e↵ective improvements in practice
for a number of challenging classification problems (Sec-
tion 6).

3 Spectrum/Mismatch and General Similarity
Kernels

In this section we will first discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequence X over the alphabet ⌃ the
spectrum-k kernel [13] and the mismatch(k,m) ker-
nel [14] induce the following |⌃|k -dimensional represen-

tation for the sequence X considered as a set of k-mers:

(3.3) �k,m (�|X) =

 
X

↵2X

Im (↵, �)

!

�2⌃

k

where Im (↵, �) = 1 if ↵ ! Nk,m (�), and Nk,m (�) is the
mutational neighborhood, the set of all k-mers that dif-
fer from � by at most m mismatches. Note that, by
definition, for spectrum-k kernels, m = 0. E↵ectively,
these are the bag-of-substringsrepresentations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequence X.

The spectrum/mismatch kernel is then defined as

K(X,Y |k,m) =
X

�2⌃

k

�k,m (�|X)�k,m (�|Y )

=
X

↵2X

X

�2Y

X

�2⌃

k

Im (↵, �)Im (�, �)(3.4)

One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
↵ and � contained in sequences X and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (↵,�) is based
on the number of identical substrings their muta-
tional neighborhoods Nk,m (↵) and Nk,m (�) give rise to,P

�2⌃

k Im (↵, �)Im (�, �). For the spectrum kernel, this
similarity is simply the exact matching of ↵ and �.

One can generalize this and allow an arbitrary met-
ric similarity function S(↵,�) to replace the Hamming
similarity

P
�2⌃

k Im (↵, �)Im (�, �) " S(↵,�) and ob-
tain general similarity kernel:

(3.5) K(X,Y |k,S) =
X

↵2X

X

�2Y

S(↵,�).

Such similarity function can go significantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomes quadratic in their lengths, O(|X| · |Y |). On the
other hand, mismatch type of representations can be
e�ciently evaluated in O(ck,m (|X|+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K(X,Y |k,S) for arbitrary
similarity metric S(·, ·).

Our goal here is to approach the above process “in
reverse”: start with a general similarity metric S and
replace it with an approximate, but computationally
e�cient, Hamming-type computation. In the following
we consider two approaches for incorporating S(·, ·) into
sequence matching that preserve linear time complexity

feature space�k : E ! RB ! 2k
:

(5.7) �k (E (X )) =
�
�b
� (E (X ))

�
�" {0,1}k ,1# b# B

where �b
�(E (X )) =

P
↵" E (X ) I (↵[b], �) is the number

of times � occurs in the bth row of E(X ) matrix. The
kernel is then the dot-product between corresponding
feature maps:

(5.8) K k (E(X ), E (Y )) = "�k (E (X )) , �k (E (Y ))#.

In Figure 2 we illustrate similarity evaluation using
similarity-preserving symbolic embedding. Discrete in-
puts are Þrst mapped into a sequence ofR-dimensional
feature vectors (M ()-step, e.g. by replacing discrete
amino acid characters with rows of BLOSUM substi-
tution matrix). Those feature vectors are then mapped
using E() into binary vectors to obtain a B $ |X | matrix
representation of the original sequence. These binary
matrices are then compared usingK k (á, á).

5.2 E�cient Kernel Computation We Þrst re-
duce the kernel computation (Eq.5.8) to the following
form.

K k (E(X ), E (Y )) = "�k (E (X )) , �k (E (Y ))#(5.9)

=
BX

b=1

X

�" {0,1}k

0

@
X

↵" E (X )

I (↵[b], �)
X

�" E (Y )

I (�[b], �)

1

A

=
BX

b=1

X

↵" E (X )

X

�" E (Y )

I (↵[b],�[b])(5.10)

=
X

↵" E (X )

X

�" E (Y )

BX

b=1

I (↵[b],�[b])(5.11)

We note that the kernel value above corresponds to the
cumulative count of the number of common rows in↵
and �. I.e., for each pair ofB $ k submatrices (↵,�) the
kernel value is incremented by the number of rows that
are identical. Direct use of the Eq. 5.11 would result
in quadratic time kernel evaluation. A more e�cient
approach is to note that the number of pairs of B $ k
submatrices (↵,�) from E(X ) and E(Y ) that have the
same bth row can be computed by running the exact
spectrum-k kernel B times, i.e. for each rowb = 1 ...B
of E(X ) and E(Y ). This gives a linear time O(Bnk )
algorithm for comparing the embedded representations
E(X ) and E(Y ). This is an improvement over directly
using O(ckB,mB nk) mismatch kernel algorithm for inex-
act matching as the above linear-time row-based com-
parison between two B $ k submatrices in e↵ect cor-
responds to inexact matching of these matrices. We
also note that the computational complexity O(Bkn )

of evaluating K (X, Y |S) compares well with computa-
tional complexity of typical Hamming-based string ker-
nels [12] (e.g.,O(C(g, k)kn) of the gapped kernel, or
O(km +1 |⌃|m n) of the mismatch kernel).

The described algorithm has linear complexity com-
pared to quadratic complexity of evaluating general ker-
nel of the form as in Equation 3.5. Furthermore, the
approach we propose is substantially di↵erent from trie-
based approaches described, for example, in [12] for com-
puting e.g. substitution kernels that use biologically
meaningful similarity measure based on probabilistic
substitution models.

In summary, the proposed algorithms exhibit the
following advantages:

¥ Enhances original discrete/symbolic or real-valued
representation by re-representing sequence data us-
ing di↵erent sequence alphabet that captures inter-
relationships between individual sequence elements
or features (e.g.,k-mers).

¥ Allow e�cient (linear time) matching (Section 5.1)

¥ Incorporate similarity/distance S(á, á) between fea-
tures or sequence elements into matching which
otherwise is typically limited to symbolic matching
(symbolic hamming distance)

¥ ReÞne matching of otherwise symbolically di↵erent
sequence elements/features (e.g., di↵erent amino-
acids in proteins, music samples, as shown in the
experiments in Section 6)

5.3 Relationship with the Hamming distance
and similarity scores S In the following we discuss
the relationship between the kernel K k (E(X ), E (Y ))
(Eq. 5.11) computed over similarity-preserving em-
bedding and the original similarity kernel K (X, Y |S)
(Eq. 3.5) that uses S(á, á).

The resulting kernel value K k (E(X ), E (Y )) is an
approximation of the total Hamming similarity between
all pairs (↵, �) of B $ k submatrices

(5.12) H (E(X )E(Y )) =
X

↵" E (X )

X

�" E (Y )

h↵�

where h↵� is the Hamming similarity between the two
B $ k submatrices↵ and � (the number of corresponding
identical bits). The kernel in Eq. 5.11 can be written as

K k (E(X ), E (Y )) =
X

↵" E (X )

X

�" E (Y )

BX

b=1

I (↵[b],�[b])

(5.13)

=
X

↵" X

X

�" Y

s↵�(5.14)

number similar 
rows in a and b

4

direct feature quantization
real Rxn → discrete Rxn

(eg. uniform or non-
uniform) 1 2 n

1 q1,1 ...
2 q1,2

...

R q1,R

Q(X)

X

quantized value
(bin ID or cluster ID)

1 2 n
1 x1,1 ...

2 x1,2

...

R x1,R
re-embed

real Rxn → discrete/real Exn
(eg. similarity hashing of R-

dim. feature vectors)1 2 n
1 e1,1

1
...

2 e1,2

1 ...

E e1,E

1

E(X)

X 1 2 n
1 x1,1 ...

2 x1,2

...

R x1,R

Wednesday, January 25, 2012

(a) Proposed approach. Input sequenceX of R-dim feature vectors is represented in 2D using
direct feature quantization Q(X ) or embedding E (X ). Multivariate string kernel is used to
measure sequence similarities.

Fig. 1: Proposed discretemultivariate representations.

Input seq. X S L F E Q L G V

A 5 3 2 3 3 3 4 4

R 3 2 1 4 5 2 2 1

N 5 1 1 4 4 1 4 1

D 4 0 1 6 4 0 3 1

C 3 3 2 0 1 3 1 3

Q 4 2 1 6 9 2 2 2

E 4 1 1 9 6 1 2 2

G 4 0 1 2 2 0 10 1

H 3 1 3 4 4 1 2 1

I 2 6 4 1 1 6 0 7

L 2 8 4 1 2 8 0 5

K 4 2 1 5 5 2 2 2

M 3 6 4 2 4 6 1 5

F 2 4 10 1 1 4 1 3

P 3 1 0 3 3 1 2 2

S 8 2 2 4 4 2 4 2

T 5 3 2 3 3 3 2 4

W 1 2 5 1 2 2 2 1

Y 2 3 7 2 3 3 1 3

V 2 5 3 2 2 5 1 8

Thursday, August 16, 12

(a) Representation of protein sequence X using direct feature
quantization. Each amino acid is represented using 20-dim vector
of BLOSUM62 substitution probabilities (high values indicate
substitutions that are more likely).

Input seq. X S L F E Q L G V

1 1 0 0 1 1 0 1 0

2 1 1 0 1 1 1 1 0

3 0 0 0 0 0 0 1 0

4 0 1 0 1 1 1 0 1

5 0 1 1 1 0 1 1 1

6 1 1 1 1 1 1 1 1

7 1 1 1 0 0 1 1 1

8 1 1 1 1 1 1 1 1

Thursday, August 16, 12

(b) Representation of protein sequenceX using symbolic binary embed-
ding E (X ). Each amino acid is represented as an 8-bit binary vector
obtained using similarity hashing. Note that similar amino acid have
similar binary representations (e.g., hydrophobic amino acids L, and V
or hydrophilic amino acids E, and Q).

Fig. 2: Examples of discrete multivariate representations for protein sequences using direct feature quantization or
similarity hashing (binary Hamming embedding).

between the two sequencesX and Y under multivariate
(2D) representationsamounts to comparing pairs of k ! R
(k ! B ) 2D submatricescontained in X and Y , where k
is the length of 2D-k-mer (i.e. k is similar to the length
of the k-mer in typical k-mer based univariate kernels).
A multivariate string kernel can then be deÞned for the
multivariate ( R-dim or B -dim) sequences X and Y as

K 2D (X, Y ) =
!

! 2D ! X

!

" 2D ! Y

K(! 2D , " 2D ) (6)

where ! 2D and " 2D are |R| ! k (or |E | ! k) submatrices
(2D=k-mers) of X and Y and K(! 2D , " 2D ) is a kernel

function deÞned for measuring similarity between two
submatrices. The multivariate kernel in Eq. 6 corre-
sponds to cumulative pairwise comparison of submatri-
ces (2D-k-mers) contained in multivariate sequences X
and Y (this is similar to typical spectrum kernels, e.g.
mismatch kernel in Eq. 1).

One possible deÞnition for the submatrix kernel K(á, á)
in Eq. 6 is row-based similarityfunction

K(! 2D , " 2D ) =
R!

i =1

I (! i
2D , " i

2D ) (7)

where I (á, á) is a similarity/indicator function for match-
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Similarity-preserving 
kernels

• Benefits:

• Incorporate metric similarity function S into 
matching

• Enhances representation by capturing 
interrelationships between sequence elements 
and features according to S

• =>Refine matching of otherwise symbolically 
different sequence elements/features

• Computationally efficient: linear time!
Friday, March 8, 13



Generalized similarity 
kernels summary

• Incorporate general (non-Hamming) metric 
similarity function S

• by matching k-mers that are similar 
according to S (cluster kernel)

• by retaining (approximate) actual similarity 
values (similarity-preserving kernel)

• Computationally efficient: linear time

• Empirically, improved predictive performance 
on many important problems
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Part IV:
Multivariate sequence 

kernels
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Multivariate sequence 
analysis

• Original data is often in the form of multivariate 
sequences, i.e. sequences of identically-sized 
feature vectors

• Ex1: audio sequence = sequence of 13-dim 
MFCC vectors

• Ex2: protein sequence = sequence of AA 
descriptors (eg., profile)

•  Ex3: image = 2D sequence of feature vectors 
for image patches in a grid

• Standard kernels: defined for one-dimensional 
strings! => how to solve multivariate sequence 
problem?
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I: Codebook learning 
approach

• Use standard string kernel K(C(X),C(Y)) 
defined on pairs of codeword sequences:

26] with quadratic time complexity. We will compare in the
experiments with the typically used methods for time series
(e.g., multivariate autoregressive models).

In this work we aim at methods that directly exploit mul-
tivariate sequence representations to improve accuracy and
propose a family of e! cient, linear-time discrete multivari-
ate similarity kernels (MVDFQ-SK, MVDFQM-SK) using
direct feature quantization (DFQ) and manifold kernel em-
bedding (Sec. 3.1, 3.3). We show empirically (Sec. 4) that
proposed MVDFQ/MVDFQM kernels and manifold embed-
ding (Sec. 3.3) provide e" ective improvements in practice
over traditional univariate (1D) VQ-based sequence kernels,
binary similarity-preserving embedding kernels [12], as well
as other state-of-the-art sequence classiÞcation methods for
a number of challenging classiÞcation problems.

1 2 n

1 x1,1 ...
2 x1,2

...
R x1,r

1 2 n
c1 c2 ... cn

codebook ID

codebook learning
real Rxn !  discrete 1xn

(VQ, k-means, etc.)

X

C(X)

XWednesday, January 25, 2012

Figure 1: Typical representation for sequence X :
R-dimensional input feature vectors encoded using
corresponding codebook IDs. Univariate string ker-
nel is used to measure similarity between sequences
(e.g., [21, 13])

3. MULTIVARIATE DIRECT FEATURE QUAN-
TIZATION METHOD

In a typical setting, string kernels are applied to univari-
ate string data, e.g., word sequences in text analysis, amino
acid sequences in biological sequence analysis, or codeword
sequences in time series analysis [21, 20, 13, 18].

Multivariate ( R-dimensional) sequences of feature vectors
in the widely used codebook learning framework are Þrst en-
coded using codebook IDs (Figure 1), then standard univari-
ate string kernel methods can be applied on these discrete
codeword sequence representations (see e.g., [21, 13]).

As shown in the Fig. 1, the R-dim features vectors from
input sequences are Þrst quantized (clustered) to obtain a
codebook, a set of codebook (prototype) vectors,C = { C1, C2, ..., CN } ,
for instance, by applying Vector Quantization (VQ). Then
multivariate input sequence X , a sequence ofn = |X | iden-
tically sized (continuous-valued) R-dimensional feature vec-
tors,

X = ( x1, x2, . . . , x n ), x i ! R R " i

is encoded as aunivariate (1D) discrete sequence c(X ) of
codebook IDs

c(x) = ( c1, c2, . . . , cn ), ci ! { 1 . . . D } " i

by mapping each of the vectors xi to the nearest codeword

vector ci in the codebook C = { C1, C2, . . . , CD } . The code-
word sequencec(x) is essentially a discrete sequence over
Þnite alphabet # = { 1, . . . , D } . Univariate (1D) string ker-
nels can then be used for classiÞcation with SVM.

In contrast to these commonly employed codebook-based
univariate representations, in this work we consider alterna-
tive multivariate direct quantization with manifold embed-
ding representations (MVDFQ/MVDFQM) of the original
multivariate (continuous-valued) sequences.

3.1 Direct feature quantization
A multivariate direct feature quantization (MVDFQ) rep-

resentation of the original continuous-valued multivariate se-
quence

X = ( x1, x2, . . . , x n ), x i ! R R

is obtained by direct quantization of each of the R feature
dimensions. In this approach, each feature f j , j = 1 . . . R
is quantized by dividing its range ( f j

min , f j
max ) into the Þ-

nite number of intervals, B . In the simplest case, the inter-
vals can be deÞned, for instance, using uniform quantization,
where the entire feature data range is divided into B equal
intervals of length � = ( f max # f min )/B and the index of
quantized feature value Q(f ) = $(f # f min )/ �%is used to
represent the feature value f .

Figure 2 shows an example of DFQ representation for 3-
dimensional time series X (R=3) with multivariate DFQ
representation obtained using uniform binning ( B =64) along
each of the three data dimensions. Partitioning of the fea-
ture data range could also be obtained by using 1D cluster-
ing, e.g., k-means, to adaptively choose dicretization levels.

We will show in the experiments that using DFQ multi-
variate representations and MVDFQ kernels described below
can significantly (by 25-40%) improve predictive accuracy
compared to traditional 1D (univariate) kernel representa-
tions as well as other state-of-the-art approaches (Sec. 4).

3.2 Multivariate Direct Feature Quantization
Similarity Kernels

In the following, we Þrst deÞne e! cient multivariate DFQ
similarity kernel (MVDFQ-SK) K (DF Q (X ), DF Q (X )) for
the direct feature quantization (DFQ) representation deÞned
in Sec. 3.1. We then present MVDFQ with the manifold
embedding (MVDFQM) in Sec. 3.3 that as we show experi-
mentally further improve predictive ability of the classiÞers
on a number of challenging datasets.

Similar to the kernel proposed in [12] for comparing se-
quences underbinary Hamming embedding, we deÞne the
similarity kernel between two multivariate sequences X and
Y under DFQ representation (Sec 3.1) as

K MV DF Q (DF Q (X ), DF Q (Y )) =
!

! R ! k ! DF Q ( X )

!

" R ! k ! DF Q ( Y )

K (↵R " k , �R " k ) (4)

where ↵R " k and �R " k are R & k submatrices contained in
DF Q (X ) and DF Q (Y ) and K(↵R " k , �R " k ) is a kernel func-
tion deÞned for measuring similarity between two R & k sub-
matrices. This essentially amounts to cumulative compari-
son of all pairs of R & k submatrices contained in DF Q (X )
and DF Q (Y ). One possible deÞnition for the submatrix

R-dim real sequence

one-dim discrete sequence
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Codebook learning 
approach

• Drawbacks:

• not all dimensions are equally important

• codeword derived from high-dim noisy 
samples

• distance computation introduces bias for 
certain dimensions

• does not retain features-time correlation 
information
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Multivariate direct 
feature quantization

• Idea: direct quantization of each dimension
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26] with quadratic time complexity. We will compare in the
experiments with the typically used methods for time series
(e.g., multivariate autoregressive models).

In this work we aim at methods that directly exploit mul-
tivariate sequence representations to improve accuracy and
propose a family of e! cient, linear-time discrete multivari-
ate similarity kernels (MVDFQ-SK, MVDFQM-SK) using
direct feature quantization (DFQ) and manifold kernel em-
bedding (Sec. 3.1, 3.3). We show empirically (Sec. 4) that
proposed MVDFQ/MVDFQM kernels and manifold embed-
ding (Sec. 3.3) provide e" ective improvements in practice
over traditional univariate (1D) VQ-based sequence kernels,
binary similarity-preserving embedding kernels [12], as well
as other state-of-the-art sequence classification methods for
a number of challenging classification problems.

1 2 n

1 x1,1 ...
2 x1,2

...
R x1,r

1 2 n
c1 c2 ... cn

codebook ID

codebook learning
real Rxn → discrete 1xn

(VQ, k-means, etc.)

X

C(X)

XWednesday, January 25, 2012

Figure 1: Typical representation for sequence X :
R-dimensional input feature vectors encoded using
corresponding codebook IDs. Univariate string ker-
nel is used to measure similarity between sequences
(e.g., [21, 13])

3. MULTIVARIATE DIRECT FEATURE QUAN-
TIZATION METHOD

In a typical setting, string kernels are applied to univari-
ate string data, e.g., word sequences in text analysis, amino
acid sequences in biological sequence analysis, or codeword
sequences in time series analysis [21, 20, 13, 18].

Multivariate (R-dimensional) sequences of feature vectors
in the widely used codebook learning frameworkare first en-
coded using codebook IDs (Figure 1), then standard univari-
ate string kernel methods can be applied on these discrete
codeword sequence representations (see e.g., [21, 13]).

As shown in the Fig. 1, the R-dim features vectors from
input sequences are first quantized (clustered) to obtain a
codebook, a set of codebook (prototype) vectors, C= { C1, C2, ..., CN } ,
for instance, by applying Vector Quantization (VQ). Then
multivariate input sequence X , a sequence of n = |X | iden-
tically sized (continuous-valued) R-dimensional feature vec-
tors,

X = (x1, x2, . . . , x n ), x i ! R R " i

is encoded as a univariate (1D) discrete sequence c(X ) of
codebook IDs

c(x) = (c1, c2, . . . , cn ), ci ! { 1 . . . D } " i

by mapping each of the vectors xi to the nearest codeword

vector ci in the codebook C = { C1, C2, . . . , CD } . The code-
word sequence c(x) is essentially a discrete sequence over
finite alphabet # = { 1, . . . , D } . Univariate (1D) string ker-
nels can then be used for classification with SVM.
In contrast to these commonly employed codebook-based

univariate representations, in this work we consider alterna-
tive multivariate direct quantization with manifold embed-
ding representations (MVDFQ/MVDFQM) of the original
multivariate (continuous-valued) sequences.

3.1 Direct feature quantization
A multivariate direct feature quantization (MVDFQ) rep-

resentation of the original continuous-valued multivariate se-
quence

X = (x1, x2, . . . , x n ), x i ! R R

is obtained by direct quantization of each of the R feature
dimensions. In this approach, each feature f j , j = 1 . . . R
is quantized by dividing its range (f j

min , f j
max ) into the fi-

nite number of intervals, B . In the simplest case, the inter-
vals can be defined, for instance, using uniform quantization,
where the entire feature data range is divided into B equal
intervals of length � = (f max # f min )/B and the index of
quantized feature value Q(f ) = $(f # f min )/ �%is used to
represent the feature value f .
Figure 2 shows an example of DFQ representation for 3-

dimensional time series X (R=3) with multivariate DFQ
representation obtained using uniform binning (B=64) along
each of the three data dimensions. Partitioning of the fea-
ture data range could also be obtained by using 1D cluster-
ing, e.g., k-means, to adaptively choose dicretization levels.
We will show in the experiments that using DFQ multi-

variate representations and MVDFQ kernels described below
can signiÞcantly (by 25-40%) improve predictive accuracy
compared to traditional 1D (univariate) kernel representa-
tions as well as other state-of-the-art approaches (Sec. 4).

3.2 Multivariate Direct Feature Quantization
Similarity Kernels

In the following, we first define e! cient multivariate DFQ
similarity kernel (MVDFQ-SK) K (DF Q (X ), DF Q (X )) for
the direct feature quantization (DFQ) representation defined
in Sec. 3.1. We then present MVDFQ with the manifold
embedding (MVDFQM) in Sec. 3.3 that as we show experi-
mentally further improve predictive ability of the classifiers
on a number of challenging datasets.
Similar to the kernel proposed in [12] for comparing se-

quences under binary Hamming embedding, we define the
similarity kernel between two multivariate sequences X and
Y under DFQ representation (Sec 3.1) as

K MV DF Q (DF Q (X ), DF Q (Y )) =
X

↵R⇥k ! DF Q ( X )

X

�R⇥k ! DF Q ( Y )

K (↵R " k , �R " k ) (4)

where ↵R " k and �R " k are R & k submatrices contained in
DF Q (X ) and DF Q (Y ) and K (↵R " k , �R " k ) is a kernel func-
tion defined for measuring similarity between two R & k sub-
matrices. This essentially amounts to cumulative compari-
son of all pairs of R & k submatrices contained in DF Q (X )
and DF Q (Y ). One possible definition for the submatrix

26] with quadratic time complexity. We will compare in the
experiments with the typically used methods for time series
(e.g., multivariate autoregressive models).

In this work we aim at methods that directly exploit mul-
tivariate sequence representations to improve accuracy and
propose a family of e�cient, linear-time discrete multivari-
ate similarity kernels (MVDFQ-SK, MVDFQM-SK) using
direct feature quantization (DFQ) and manifold kernel em-
bedding (Sec. 3.1, 3.3). We show empirically (Sec. 4) that
proposed MVDFQ/MVDFQM kernels and manifold embed-
ding (Sec. 3.3) provide e↵ective improvements in practice
over traditional univariate (1D) VQ-based sequence kernels,
binary similarity-preserving embedding kernels [12], as well
as other state-of-the-art sequence classification methods for
a number of challenging classification problems.
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3. MULTIVARIATE DIRECT FEATURE QUAN-
TIZATION METHOD

In a typical setting, string kernels are applied to univari-
ate string data, e.g., word sequences in text analysis, amino
acid sequences in biological sequence analysis, or codeword
sequences in time series analysis [21, 20, 13, 18].

Multivariate (R-dimensional) sequences of feature vectors
in the widely used codebook learning frameworkare first en-
coded using codebook IDs (Figure 1), then standard univari-
ate string kernel methods can be applied on these discrete
codeword sequence representations (see e.g., [21, 13]).

As shown in the Fig. 1, the R-dim features vectors from
input sequences are first quantized (clustered) to obtain a
codebook, a set of codebook (prototype) vectors, C= { C1, C2, ..., CN } ,
for instance, by applying Vector Quantization (VQ). Then
multivariate input sequence X , a sequence of n = |X | iden-
tically sized (continuous-valued) R-dimensional feature vec-
tors,

X = (x1, x2, . . . , x n ), x i ! R R " i

is encoded as a univariate (1D) discrete sequence c(X ) of
codebook IDs

c(x) = (c1, c2, . . . , cn ), ci ! { 1 . . . D } " i

by mapping each of the vectors xi to the nearest codeword

vector ci in the codebook C = { C1, C2, . . . , CD } . The code-
word sequence c(x) is essentially a discrete sequence over
finite alphabet ⌃ = { 1, . . . , D } . Univariate (1D) string ker-
nels can then be used for classification with SVM.
In contrast to these commonly employed codebook-based

univariate representations, in this work we consider alterna-
tive multivariate direct quantization with manifold embed-
ding representations (MVDFQ/MVDFQM) of the original
multivariate (continuous-valued) sequences.

3.1 Direct feature quantization
A multivariate direct feature quantization (MVDFQ) rep-

resentation of the original continuous-valued multivariate se-
quence

X = (x1, x2, . . . , x n ), x i ! R R

is obtained by direct quantization of each of the R feature
dimensions. In this approach, each feature f j , j = 1 . . . R
is quantized by dividing its range (f j

min , f j
max ) into the fi-

nite number of intervals, B . In the simplest case, the inter-
vals can be defined, for instance, using uniform quantization,
where the entire feature data range is divided into B equal
intervals of length ! = (f max # f min )/B and the index of
quantized feature value Q(f ) = $(f # f min )/ ! %is used to
represent the feature value f .
Figure 2 shows an example of DFQ representation for 3-

dimensional time series X (R=3) with multivariate DFQ
representation obtained using uniform binning (B=64) along
each of the three data dimensions. Partitioning of the fea-
ture data range could also be obtained by using 1D cluster-
ing, e.g., k-means, to adaptively choose dicretization levels.
We will show in the experiments that using DFQ multi-

variate representations and MVDFQ kernels described below
can signiÞcantly (by 25-40%) improve predictive accuracy
compared to traditional 1D (univariate) kernel representa-
tions as well as other state-of-the-art approaches (Sec. 4).

3.2 Multivariate Direct Feature Quantization
Similarity Kernels

In the following, we first define e�cient multivariate DFQ
similarity kernel (MVDFQ-SK) K (DF Q (X ), DF Q (X )) for
the direct feature quantization (DFQ) representation defined
in Sec. 3.1. We then present MVDFQ with the manifold
embedding (MVDFQM) in Sec. 3.3 that as we show experi-
mentally further improve predictive ability of the classifiers
on a number of challenging datasets.
Similar to the kernel proposed in [12] for comparing se-

quences under binary Hamming embedding, we define the
similarity kernel between two multivariate sequences X and
Y under DFQ representation (Sec 3.1) as

K MV DF Q (DF Q (X ), DF Q (Y )) =
!

! R ! k ! DF Q (X )

!

" R ! k ! DF Q (Y )

K (" R " k , #R " k ) (4)

where " R " k and #R " k are R & k submatrices contained in
DF Q (X ) and DF Q (Y ) and K (" R " k , #R " k ) is a kernel func-
tion defined for measuring similarity between two R & k sub-
matrices. This essentially amounts to cumulative compari-
son of all pairs of R & k submatrices contained in DF Q (X )
and DF Q (Y ). One possible definition for the submatrix
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• Example: MVDFQ representation
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dim 1 0.43 1.43 3.79 2.53 3.29
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Univariate representation (VQ(X),  codebook size=2048) 
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.

kernel K (á, á) is cumulative row-based comparison

K (! R ! k , " R ! k ) =
R!

r =1

I 1! k (!
r
R ! k , " r

R ! k ) (5)

where I 1! k (á, á) is a similarity/indicator function for match-
ing 1D rows ! r

R ! k and " r
R ! k . The matching function I 1! k (á, á)

could be defined as I 1! k (! , " ) = 1 if d(! , " ) ! m, and 0 oth-
erwise (similar to the mismatch kernel).

In the experiments, we use spectrum, mismatch [18], and
spatial sample (SSSK) [13] kernel matching functions as our
one-dimensional row matching function I 1! k (! r

R ! k , " r
R ! k )

in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).
Intuitively, according to the kernel definition (Eq. 5), sim-

ilar R " k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K (á, á).
Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be

written as

K MV DF Q (X, Y ) =
R!

r =1

!

! R! k" DF Q ( X )

!

" R! k" DF Q ( Y )

I 1! k (!
r
R ! k , " r

R ! k ) (6)

which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1! k (á, á) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K MV DF Q (DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequences DF Q (X ) and DF Q (Y ) is then
O(R ák án), i.e. is linear in the sequence length n = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, a probabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = (#1, . . . , #d) can
be considered as a point on the multinomial manifold using
L1 embedding:

#̂ (X ) =

"
#1(X )#
i #i (X )

, . . . ,
#d(X )#
i #i (X )

$
(7)

Then, as a measure of a! nity between sequences on the

multinomial manifold one can use Bhattacharyya a! nity,
i.e.

K manifold (X, Y ) =<
%

#̂ (X ),
%

#̂ (Y ) >

=
!

i

%
#̂i (X )

%
#̂i (Y )

Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):

K MV DF QM (X, Y ) =
R!

r =1

!

#

%
#r

# (X )
%

#r
# (Y ) (8)

where $ # { 1, . . . , B } K is a k-mer over the discretization
alphabet $ = { 1, . . . , B } and

#r
# (X ) =

!

! r
R! k" DF Q ( X )

I (! r
R ! k , $) (9)

is the number of occurrences of $ in the r -th dimension/row
of X .
In the experiments, we use manifold embedding with MVDFQ

kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classification
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQmethod has the following mer-

its:

¥ It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

¥ Unlike quantization of high-dimensional data sample
into codewords, it allows for classifier to learn impor-
tance of each feature for classification, as the signifi-
cance of each data dimension for classification can be
di" erent.
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26] with quadratic time complexity. We will compare in the
experiments with the typically used methods for time series
(e.g., multivariate autoregressive models).

In this work we aim at methods that directly exploit mul-
tivariate sequence representations to improve accuracy and
propose a family of e! cient, linear-time discrete multivari-
ate similarity kernels (MVDFQ-SK, MVDFQM-SK) using
direct feature quantization (DFQ) and manifold kernel em-
bedding (Sec. 3.1, 3.3). We show empirically (Sec. 4) that
proposed MVDFQ/MVDFQM kernels and manifold embed-
ding (Sec. 3.3) provide e" ective improvements in practice
over traditional univariate (1D) VQ-based sequence kernels,
binary similarity-preserving embedding kernels [12], as well
as other state-of-the-art sequence classiÞcation methods for
a number of challenging classiÞcation problems.
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R-dimensional input feature vectors encoded using
corresponding codebook IDs. Univariate string ker-
nel is used to measure similarity between sequences
(e.g., [21, 13])

3. MULTIVARIATE DIRECT FEATURE QUAN-
TIZATION METHOD

In a typical setting, string kernels are applied to univari-
ate string data, e.g., word sequences in text analysis, amino
acid sequences in biological sequence analysis, or codeword
sequences in time series analysis [21, 20, 13, 18].

Multivariate ( R-dimensional) sequences of feature vectors
in the widely used codebook learning frameworkare Þrst en-
coded using codebook IDs (Figure 1), then standard univari-
ate string kernel methods can be applied on these discrete
codeword sequence representations (see e.g., [21, 13]).

As shown in the Fig. 1, the R-dim features vectors from
input sequences are Þrst quantized (clustered) to obtain a
codebook, a set of codebook (prototype) vectors,C = { C1, C2, ..., CN } ,
for instance, by applying Vector Quantization (VQ). Then
multivariate input sequence X , a sequence ofn = |X | iden-
tically sized (continuous-valued) R-dimensional feature vec-
tors,

X = ( x1, x2, . . . , x n ), x i ! R R " i

is encoded as aunivariate (1D) discrete sequence c(X ) of
codebook IDs

c(x) = ( c1, c2, . . . , cn ), ci ! { 1 . . . D } " i

by mapping each of the vectors xi to the nearest codeword

vector ci in the codebook C = { C1, C2, . . . , CD } . The code-
word sequencec(x) is essentially a discrete sequence over
Þnite alphabet # = { 1, . . . , D } . Univariate (1D) string ker-
nels can then be used for classiÞcation with SVM.

In contrast to these commonly employed codebook-based
univariate representations, in this work we consider alterna-
tive multivariate direct quantization with manifold embed-
ding representations (MVDFQ/MVDFQM) of the original
multivariate (continuous-valued) sequences.

3.1 Direct feature quantization
A multivariate direct feature quantization (MVDFQ) rep-

resentation of the original continuous-valued multivariate se-
quence

X = ( x1, x2, . . . , x n ), x i ! R R

is obtained by direct quantization of each of the R feature
dimensions. In this approach, each feature f j , j = 1 . . . R
is quantized by dividing its range ( f j

min , f j
max ) into the Þ-

nite number of intervals, B . In the simplest case, the inter-
vals can be deÞned, for instance, using uniform quantization,
where the entire feature data range is divided into B equal
intervals of length ! = ( f max # f min )/B and the index of
quantized feature value Q(f ) = $(f # f min )/ ! %is used to
represent the feature value f .

Figure 2 shows an example of DFQ representation for 3-
dimensional time series X (R=3) with multivariate DFQ
representation obtained using uniform binning ( B =64) along
each of the three data dimensions. Partitioning of the fea-
ture data range could also be obtained by using 1D cluster-
ing, e.g., k-means, to adaptively choose dicretization levels.

We will show in the experiments that using DFQ multi-
variate representations and MVDFQ kernels described below
can signiÞcantly (by 25-40%) improve predictive accuracy
compared to traditional 1D (univariate) kernel representa-
tions as well as other state-of-the-art approaches (Sec. 4).

3.2 Multivariate Direct Feature Quantization
Similarity Kernels

In the following, we Þrst deÞne e! cient multivariate DFQ
similarity kernel (MVDFQ-SK) K (DF Q (X ), DF Q (X )) for
the direct feature quantization (DFQ) representation deÞned
in Sec. 3.1. We then present MVDFQ with the manifold
embedding (MVDFQM) in Sec. 3.3 that as we show experi-
mentally further improve predictive ability of the classiÞers
on a number of challenging datasets.

Similar to the kernel proposed in [12] for comparing se-
quences underbinary Hamming embedding, we deÞne the
similarity kernel between two multivariate sequences X and
Y under DFQ representation (Sec 3.1) as

K MV DF Q (DF Q (X ), DF Q (Y )) =
!

! R! k ! DF Q (X )

!

" R! k ! DF Q (Y )

K(" R " k , #R " k ) (4)

where " R " k and #R " k are R & k submatrices contained in
DF Q (X ) and DF Q (Y ) and K(" R " k , #R " k ) is a kernel func-
tion deÞned for measuring similarity between two R & k sub-
matrices. This essentially amounts to cumulative compari-
son of all pairs of R & k submatrices contained in DF Q (X )
and DF Q (Y ). One possible deÞnition for the submatrix
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.

kernel K (á, á) is cumulative row-based comparison

K (! R ⇥k , " R ⇥k ) =
R!

r =1

I 1⇥k (!
r
R ⇥k , " r

R ⇥k ) (5)

where I 1⇥k (á, á) is a similarity/indicator function for match-
ing 1D rows ! r

R ⇥k and " r
R ⇥k . The matching function I 1⇥k (á, á)

could be defined as I 1⇥k (! , " ) = 1 if d(! , " ) ! m, and 0 oth-
erwise (similar to the mismatch kernel).

In the experiments, we use spectrum, mismatch [18], and
spatial sample (SSSK) [13] kernel matching functions as our
one-dimensional row matching function I 1⇥k (! r

R ⇥k , " r
R ⇥k )

in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).
Intuitively, according to the kernel definition (Eq. 5), sim-

ilar R " k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K (á, á).
Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be

written as

K MV DF Q (X, Y ) =
R!

r =1

!

! R ! k 2DF Q ( X )

!

" R ! k 2DF Q ( Y )

I 1⇥k (!
r
R ⇥k , " r

R ⇥k ) (6)

which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1⇥k (á, á) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K MV DF Q (DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequences DF Q (X ) and DF Q (Y ) is then
O(R ák án), i.e. is linear in the sequence length n = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, a probabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = (#1, . . . , #d) can
be considered as a point on the multinomial manifold using
L1 embedding:

#̂ (X ) =

"
#1(X )#
i #i (X )

, . . . ,
#d(X )#
i #i (X )

$
(7)

Then, as a measure of a! nity between sequences on the

multinomial manifold one can use Bhattacharyya a! nity,
i.e.

K manifold (X, Y ) =<
%

#̂ (X ),
%

#̂ (Y ) >

=
!

i

%
#̂i (X )

%
#̂i (Y )

Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):

K MV DF QM (X, Y ) =
R!

r =1

!

#

%
#r

# (X )
%

#r
# (Y ) (8)

where $ # { 1, . . . , B } K is a k-mer over the discretization
alphabet $ = { 1, . . . , B } and

#r
# (X ) =

!

! r
R ! k 2DF Q ( X )

I (! r
R ⇥k , $) (9)

is the number of occurrences of $ in the r -th dimension/row
of X .
In the experiments, we use manifold embedding with MVDFQ

kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classification
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQmethod has the following mer-

its:

¥ It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

¥ Unlike quantization of high-dimensional data sample
into codewords, it allows for classifier to learn impor-
tance of each feature for classification, as the signifi-
cance of each data dimension for classification can be
di" erent.
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.

kernel K(á, á) is cumulative row-based comparison

K(! R ! k , " R ! k ) =
R!

r =1

I 1! k (! r
R ! k , " r

R ! k ) (5)

where I 1! k (á, á) is a similarity/indicator function for match-
ing 1D rows ! r

R ! k and " r
R ! k . The matching function I 1! k (á, á)

could be deÞned asI 1! k (! , " ) = 1 if d(! , " ) ! m, and 0 oth-
erwise (similar to the mismatch kernel).

In the experiments, we use spectrum, mismatch [18], and
spatial sample (SSSK) [13] kernel matching functions as our
one-dimensional row matching function I 1! k (! r

R ! k , " r
R ! k )

in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).

Intuitively, according to the kernel deÞnition (Eq. 5), sim-
ilar R " k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K(á, á).

Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be
written as

K MV DF Q (X, Y ) =
R!

r =1

!

! R ! k " DF Q ( X )

!

" R ! k " DF Q ( Y )

I 1! k (! r
R ! k , " r

R ! k ) (6)

which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1! k (á, á) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K MV DF Q (DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequencesDF Q (X ) and DF Q (Y ) is then
O(R ák án), i.e. is linear in the sequence lengthn = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, aprobabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = ( #1, . . . , #d ) can
be considered as a point on the multinomial manifold using
L1 embedding:

ö# (X ) =
"

#1(X )#
i #i (X )

, . . . ,
#d (X )#
i #i (X )

$
(7)

Then, as a measure of a! nity between sequences on the

multinomial manifold one can use Bhattacharyya a ! nity,
i.e.

K manifold (X, Y ) = <
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ö# (Y ) >
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Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):

K MV DF QM (X, Y ) =
R!

r =1
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# (X )
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#r
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where $ # { 1, . . . , B } K is a k-mer over the discretization
alphabet $ = { 1, . . . , B } and

#r
# (X ) =

!

! r
R ! k " DF Q ( X )

I (! r
R ! k , $) (9)

is the number of occurrences of$ in the r -th dimension/row
of X .

In the experiments, we use manifold embedding with MVDFQ
kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classiÞcation
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQ method has the following mer-

its:

¥ It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

¥ Unlike quantization of high-dimensional data sample
into codewords, it allows for classiÞer to learn impor-
tance of each feature for classiÞcation, as the signiÞ-
cance of each data dimension for classiÞcation can be
di" erent.
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.
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where I 1! k (·, ·) is a similarity/indicator function for match-
ing 1D rows ↵r

R ! k and �r
R ! k . The matching function I 1! k (·, ·)

could be deÞned asI 1! k (↵, �) = 1 if d(↵, �) ! m, and 0 oth-
erwise (similar to the mismatch kernel).

In the experiments, we use spectrum, mismatch [18], and
spatial sample (SSSK) [13] kernel matching functions as our
one-dimensional row matching function I 1! k (↵r

R ! k , �r
R ! k )

in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).

Intuitively, according to the kernel deÞnition (Eq. 5), sim-
ilar R " k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K(·, ·).

Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be
written as

K MV DF Q (X, Y ) =
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! R ! k " DF Q ( X )
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" R ! k " DF Q ( Y )
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which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1! k (·, ·) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K MV DF Q (DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequencesDF Q (X ) and DF Q (Y ) is then
O(R · k · n), i.e. is linear in the sequence lengthn = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, aprobabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = ( �1, . . . , �d ) can
be considered as a point on the multinomial manifold using
L1 embedding:

ö# (X ) =
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�1(X )#
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, . . . ,
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i �i (X )

$
(7)

Then, as a measure of a! nity between sequences on the
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i.e.
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Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):

K MV DF QM (X, Y ) =
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where � # {1, . . . , B }K is a k-mer over the discretization
alphabet $ = {1, . . . , B } and
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R ! k " DF Q ( X )

I (↵r
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is the number of occurrences of� in the r -th dimension/row
of X .

In the experiments, we use manifold embedding with MVDFQ
kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classiÞcation
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQ method has the following mer-

its:

• It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

• Unlike quantization of high-dimensional data sample
into codewords, it allows for classiÞer to learn impor-
tance of each feature for classiÞcation, as the signiÞ-
cance of each data dimension for classiÞcation can be
di" erent.
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.
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one-dimensional row matching function I 1! k

(! r

R! k

, " r

R! k
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in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).

Intuitively, according to the kernel deÞnition (Eq. 5), sim-
ilar R ⇥ k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K(á, á).

Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be
written as
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which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1! k

(á, á) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K
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(DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequencesDF Q (X ) and DF Q (Y ) is then
O(R ák án), i.e. is linear in the sequence lengthn = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, aprobabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = ( #1, . . . , #
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Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):
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where $ 2 { 1, . . . , B } K is a k-mer over the discretization
alphabet $ = { 1, . . . , B } and
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is the number of occurrences of$ in the r -th dimension/row
of X .

In the experiments, we use manifold embedding with MVDFQ
kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classiÞcation
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQ method has the following mer-

its:

¥ It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

¥ Unlike quantization of high-dimensional data sample
into codewords, it allows for classiÞer to learn impor-
tance of each feature for classiÞcation, as the signiÞ-
cance of each data dimension for classiÞcation can be
di" erent.
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.
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where I 1! k (á, á) is a similarity/indicator function for match-
ing 1D rows ! r

R ! k and " r
R ! k . The matching function I 1! k (á, á)

could be deÞned asI 1! k (! , " ) = 1 if d(! , " ) ! m, and 0 oth-
erwise (similar to the mismatch kernel).

In the experiments, we use spectrum, mismatch [18], and
spatial sample (SSSK) [13] kernel matching functions as our
one-dimensional row matching function I 1! k (! r
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R ! k )

in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).

Intuitively, according to the kernel deÞnition (Eq. 5), sim-
ilar R " k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K(á, á).

Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be
written as
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which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1! k (á, á) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K MV DF Q (DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequencesDF Q (X ) and DF Q (Y ) is then
O(R ák án), i.e. is linear in the sequence lengthn = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, aprobabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = ( #1, . . . , #d ) can
be considered as a point on the multinomial manifold using
L1 embedding:
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i.e.
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Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):
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where $ # { 1, . . . , B } K is a k-mer over the discretization
alphabet $ = { 1, . . . , B } and
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is the number of occurrences of$ in the r -th dimension/row
of X .

In the experiments, we use manifold embedding with MVDFQ
kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classiÞcation
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQ method has the following mer-

its:

¥ It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

¥ Unlike quantization of high-dimensional data sample
into codewords, it allows for classiÞer to learn impor-
tance of each feature for classiÞcation, as the signiÞ-
cance of each data dimension for classiÞcation can be
di" erent.
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.
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R ! k . The matching function I 1! k (á, á)

could be deÞned asI 1! k (! , " ) = 1 if d(! , " ) ! m, and 0 oth-
erwise (similar to the mismatch kernel).

In the experiments, we use spectrum, mismatch [18], and
spatial sample (SSSK) [13] kernel matching functions as our
one-dimensional row matching function I 1! k (! r
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in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).

Intuitively, according to the kernel deÞnition (Eq. 5), sim-
ilar R " k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K(á, á).

Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be
written as
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which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1! k (á, á) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K MV DF Q (DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequencesDF Q (X ) and DF Q (Y ) is then
O(R ák án), i.e. is linear in the sequence lengthn = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, aprobabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = ( #1, . . . , #d ) can
be considered as a point on the multinomial manifold using
L1 embedding:
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Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):
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where $ # { 1, . . . , B } K is a k-mer over the discretization
alphabet $ = { 1, . . . , B } and
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is the number of occurrences of$ in the r -th dimension/row
of X .

In the experiments, we use manifold embedding with MVDFQ
kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classiÞcation
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQ method has the following mer-

its:

¥ It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

¥ Unlike quantization of high-dimensional data sample
into codewords, it allows for classiÞer to learn impor-
tance of each feature for classiÞcation, as the signiÞ-
cance of each data dimension for classiÞcation can be
di" erent.
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Figure 2: Proposed discrete multivariate representation (DFQ). Discrete representation DFQ(X) is obtained
from the original R=3-dimensional continuous-valued multivariate sequence X by directly discretizing each
of R feature dimension. In contrast, typically used vector quantization approach (codebook) represents
multivariate sequence as one-dimensional discrete sequence of codeword indices.
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could be deÞned asI 1! k (! , " ) = 1 if d(! , " ) ! m, and 0 oth-
erwise (similar to the mismatch kernel).

In the experiments, we use spectrum, mismatch [18], and
spatial sample (SSSK) [13] kernel matching functions as our
one-dimensional row matching function I 1! k (! r
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in Eq. 5, which results in corresponding multivariate DFQ
spectrum, mismatch, and spatial sample kernels (referred
as MVDFQ-Spectrum, MVDFQ-Mismatch, and MVDFQ-
SSSK, respectively).

Intuitively, according to the kernel deÞnition (Eq. 5), sim-
ilar R " k submatrices (i.e. submatrices with many similar
rows) will result in high kernel value K(á, á).

Using Eq. 5, the multivariate DFQ kernel in Eq. 4 can be
written as

K MV DF Q (X, Y ) =
R!

r =1

!

! R ! k " DF Q ( X )

!

" R ! k " DF Q ( Y )

I 1! k (! r
R ! k , " r

R ! k ) (6)

which can be e! ciently computed by running spectrum ker-
nel with 1D k-mer matching function I 1! k (á, á) B times, i.e.
for each row b = 1 . . . R. The overall complexity of evalu-
ating multivariate kernel K MV DF Q (DF Q (X ), DF Q (Y )) for
two R-dim DFQ sequencesDF Q (X ) and DF Q (Y ) is then
O(R ák án), i.e. is linear in the sequence lengthn = |X |.

3.3 Manifold embedding
While typical string kernel methods assume Euclidean fea-

ture space and use Euclidean distance, aprobabilistic mani-
fold assumption on the geometry of the data space could be
more natural and e" ective (see e.g. [36, 9]). Each sequence
X given its feature representation # (X ) = ( #1, . . . , #d ) can
be considered as a point on the multinomial manifold using
L1 embedding:

ö# (X ) =
"

#1(X )#
i #i (X )

, . . . ,
#d (X )#
i #i (X )

$
(7)

Then, as a measure of a! nity between sequences on the

multinomial manifold one can use Bhattacharyya a ! nity,
i.e.

K manifold (X, Y ) = <
%

ö# (X ),
%

ö# (Y ) >

=
!

i

%
ö#i (X )

%
ö#i (Y )

Using the equation above and equations for MVDFQ Eq. 6,
we obtain the MVDFQ kernel with manifold embedding
(MVDFQM):

K MV DF QM (X, Y ) =
R!

r =1

!

#

%
#r

# (X )
%

#r
# (Y ) (8)

where $ # { 1, . . . , B } K is a k-mer over the discretization
alphabet $ = { 1, . . . , B } and

#r
# (X ) =

!

! r
R ! k " DF Q ( X )

I (! r
R ! k , $) (9)

is the number of occurrences of$ in the r -th dimension/row
of X .

In the experiments, we use manifold embedding with MVDFQ
kernel as well as other standard string kernels (we will refer
to MVDFQ with manifold embedding as MVDFQM, and to
standard VQ kernels with manifold embedding as VQ-M),
where we will demonstrate utility of the proposed MVDFQM
kernels and manifold embedding in enhancing classiÞcation
performance.

3.4 Advantages of multivariate DFQ
Proposed multivariate DFQ method has the following mer-

its:

¥ It improves the predictive ability of typical discrete
univariate kernel methods by applying them jointly to
multiple discrete sequences obtained from direct dis-
cretization of each data dimension of the original real-
valued multidimensional sequence.

¥ Unlike quantization of high-dimensional data sample
into codewords, it allows for classiÞer to learn impor-
tance of each feature for classiÞcation, as the signiÞ-
cance of each data dimension for classiÞcation can be
di" erent.
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Part V:
Experimental evaluation
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Experiments

• Content-based automatic music classification

• music genre recognition

• artist identification

• MHC-peptide binding prediction

• Protein remote homology prediction

• Bio-medical text classification (BioCreative II)
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Music classification
#classes #seqs features

ave. seq 
length

GTZAN 10 
genres

1000 
songs

13-dim 
MFCC

6980

ISMIR
6 

genres 1458
13-dim 
MFCC 10151

Artist ID 20 
artists

1413 13-dim 
MFCC

19708

VQ  |∑| = 2048 codewords
Sim. hashing |E|=32,64 bits

MVDFQ B = 32 bins

• Datasets:

• Settings:
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Music genre recognition
• GTZAN:

10

17.5

25

32.5

40

BOW SSSK SSSK-Manifold

Ba
la

nc
ed

 e
rr

or
 (

%
)

VQ Sim. hashing
MVDFQ

  Improvement
(MVDFQ vs VQ):          17%        26%     30%
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ISMIR contest

10

13.75

17.5

21.25

25

BOW BOW-Manifold

16.74

19.89

17.83

22.63

19.63

24.15

Ba
la

nc
ed

 e
rr

or
 (

%
)

VQ Sim. hashing
MVDFQ

  Improvement
(MVDFQ vs VQ):          17%        14%
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Artist ID

10

18.75

27.5

36.25

45

BOW

25.67

34.62

42.97

Ba
la

nc
ed

 e
rr

or
 (

%
)

VQ Sim. hashing
MVDFQ
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• Task 2: MHC-peptide binding prediction
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• MHC-Peptide binding prediction task

antigen 
(target protein)

binding strength

cell surface

peptide
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Peptide binding 
prediction

• QHMM = committee of HMMs

• NetMHC = highly optimized neural 
network predictor

Allele QHMM NetMHC MVSK

A0201 62.1 76.9 80.17

A0206 67.03 83.93 77.67

A2402 66.51 76.35 85.24

Test ROC scores

Friday, March 8, 13



• Task 3: Protein remote homology 
prediction
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Protein remote 
homology prediction

• Task: infer membership of a protein in the 
target superfamily

• performance is averaged over 54 tasks

Structural classification of proteins (SCOP)

Target superfamily: 1.a.1Target superfamily: 1.a.1Target superfamily: 1.a.1

positive negative

train 1.a.1.1
1.a.1.2

other sf/
folds

test 1.a.1.3 other sf/
folds

Ex: prediction task
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Protein remote 
homology prediction

• MVDFQ, Sim. Hashing: map each amino acid into 20-dim 
descriptor using BLOSUM (BLOcks SUbstitution Matrix)

• Sim. hashing: each protein is encoded as 8-dim 
sequence, |E|=8 bits

• MVDFQ: each protein is encoded as 20-dim 
sequence with B=16 bins

Data Supervised
setting

Semi-supervised 
setting

SCOP 
1.59

7359
seqs

+1M unlab seqs
(NRDB)
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Protein Remote 
homology

30

37.5

45

52.5

60

Mismatch SSSK

55.54

49.17
52

46.35

50.12

41.92

M
ea

n 
RO

C
-5

0
AA Sim. hashing
MVDFQ

AA = string kernel 
defined on amino acid 
sequences

  Improvement
(MVDFQ vs AA):          17%        11%
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Protein remote 
homology

50

60

70

80

90

Profile

86.27

81.51

M
ea

n 
RO

C
-5

0
AA MVDFQ
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BioCreative II
• IAS task: classify article abstracts into protein-

protein interaction (PPI)-related or not 

• Labeled data: 5495 abstracts for training / 
677 for testing

• Unlabeled data: 60M sentences from 
PubMed (95-today) (~1.3G words)

• use unlabeled data to construct word 
descriptors (ECML, 2010)
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BioCreative II contest

• IAS test performance

method F1 Accuracy
BioCreative II (best) 78.00 75.33

BioCreative II (rank 2) 77.95 77.10

String kernel (best) 77.17 74.30
MVSK 80.11 79.03
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Conclusions

• Generalized similarity kernels: using general 
(non-Hamming) metric similarity functions 
helps classification

• Multivariate DFQ: more effective for 
classification compared to standard 
codebook learning

• Generalize across many domains: discrete 
(AA sequences, text), real (music)

• Computationally efficient (linear time)
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Predictors: Support Vector 
Machines

sv1 sv2

sv3
sv4

sv5
support
vectors Ming-Hsuan Yang

Predictor(X)   =  ∑ αi K(svi,X) 
i ∈ SV

Advantages: can capture complex relations in data 
and scale to large problems
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• Two subproblems

• one related to representation, i.e. devising  
a proper set of descriptors

• one related to statistical learning, i.e. 
finding smooth, stable function that maps 
descriptors into output (e.g., class label)
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