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This talk: Recent Results
1. Computationally efficient methods for inexact 

sequence matching

¥ generalizes computation and significantly improves 
time-efficiency of many sequence similarity functions

¥ more complex models can be investigated to 
enhance performance

2. General Similarity Sequence Models

¥ go beyond traditional Hamming similarity using more 
ÒpreciseÓ similarity metrics to improve accuracy

¥ retain computational efficiency (linear time) of 
simpler Hamming methods

3. Large scale semi-supervised method for 
improving bio-named entity and PPI prediction 
from biomedical literature 2
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¥Part I: Similarity computation under k-mer 
sequence model
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k-mer sequence models
¥Used in many bioinformatics applications

¥Genome assembly

¥Multiple sequence alignment

¥Homology search (e.g., BLAST)

¥Sequencing error correction

¥Genomic complexity studies

¥Similarity assessment, classiÞcation, 
clustering
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k-mer models and similarity inference

GGAATTTGAGCAGGACTAATTGGAACTTCTTTAAGATTACTTATTCGAACTGAATTAGGAACCCCAGGATCTTTAATTGGAGATGATCAAATTTATAATACAAT
TGTTACAGCTCATGCATTTATTATAATTTTTTTTATAGTTATACCTATTATAATCGGAGGATTTGGAAATTGACTAGTTCCATTAATAATAGGTGCCCCAGATATAG
CTTTCCCCCGTATAAATAACATAAGATTTTGATTATTACCCCCATCTTTAACTTTATTAATTTCAAGAAGAATTGTTGAAAATGGGGCTGGTACAGGATGAACA
GTTTATCCCCCTCTTTCATCAAATATCGCCCATCAAGGAGCATCTGTTGATTTAGCAATTTTTTCCCTTCATCTTGCTGGTATTTCATCAATTCTTGGAGCTA
TTAATTTTATTACAACAATTATTAATATACGAATTAATAATTTATCTTTTGATCAAATACCATTATTTGTTTGAGCTGTAGGAATTACAGCATTATTATTATTACTTTC
ATTACCTGTTTTAGCAGGTGCTATTACTATATTATTAACAGATCGAAATTTAAATACTTCTTTTTTTGATCCTGCAGGAGGAGGAGATCCAATCTTATACCAACA
CTTATTT

Spectrum(5) Mismatch(5,1)

GGAAT
GxAAT
xGAAT

GGxAT
GGAxT
GGAAx

Fig. 1. String kernel. A sliding window of size k=5 is used to derive feature representation ! (X ) of an input sequence X .

structural families. A novel unsupervised Òabstrac-
tionÓ strategy is applied on classic string kernel to
leverage supervised learning with the power of many
unannotated protein sequences. The ÒabstractionÓ
includes two stages,

¥ (1) An unsupervised auxiliary task is em-
ployed to learn accurate representations
(embedding) for amino acids based on con-
textual similarity in biological sequences.

¥ (2) Amino acids are grouped to generate
more abstract entities according to their
learned representations.

On three benchmark data sets for structural classiÞ-
cation of proteins, the proposed semi-supervised ker-
nel achieves state-of-the-art performance, improves
over classic string kernels, and is more general than
previous approaches.

2. Protein Sequence Analysis Using
String Kernels

In this paper we focus on string kernel-based meth-
ods6 for classiÞcation of protein sequences under the
discriminative learning setting. The discriminative
setting tries to capture the di! erencesamongclasses
(e.g. folds and superfamilies), while its counterpart,
generative models7 focus on capturing shared char-
acteristics within classes. Previous studies8, 9 show

that the discriminative models have better distinc-
tion power over the generative models7.

Our target problems of remote protein homology
and fold recognition essentially try to infer structural
relationships between proteins from their primary se-
quences. These problems could be treated as tasks of
learning sequences of amino acids that typically de-
scribe the patterns of protein structural properties of
interest. Given an input protein sequence, the target
structural relationship will be recognized by perform-
ing matching between patterns present in the test
sequence and the patterns in the annotated training
examples. This amounts to computing string kernel
(similarity score) between protein sequences based
on certain feature representations. The key idea of
string kernels is to apply a mapping ! (á) to map se-
quences of arbitrary length into a vectorial feature
space of Þxed length. In this space a standard classi-
Þer such as support vector machine (SVM)6 can then
be applied. As SVMs require only inner products
between examples in the feature space, rather than
the feature vectors themselves, string kernel10, 9, 4

is thus implicitly computed as an inner product in
this feature space:

K (X, Y ) = ! ! (X ), ! (Y )", (1)

where X = ( x1, . . . , x|X | ), where |X | means the
length of the sequence. X, Y # S, S is the set of

features
F(X)

X

Similar X and Y <z Similar F(X) and F(Y) <z large K(X,Y)  

Length k=5 Up to m=1 mismatch

 I: Map sequence X to Þxed-dim feature vector F(X)

II: Similarity score: K(X, Y) = <F(X), F(Y)> string kernel
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What are the best k-mer 
algorithms?

1. SufÞx trees (Vishwanathan & Smola, 2002)
¥linear-time all-substring kernel (exact)

2. Sparse dynamic programming (Rousu, 2005)
¥gapped kernel (inexact)

3. Mismatch trie (Leslie, 2004)
¥applies to mismatch, spectrum, gapped 

kernels, etc (inexact matching!!!)

¥Complexity

¥ limits applicability to small k,m,|∑|

O(km +1 |! |m (|X | + |Y |)) for k-mers (contiguous substring of lengthk) with up tom mismatches
and the alphabet size|! |. This limits the applicability of such algorithms to simpler transformation
models (shorterk andm) and smaller alphabets, reducing their practical utility on complex real data.
As an alternative, more complex transformation models such as [2] lead to state-of-the-art predictive
performance at the expense of increased computational effort.

In this work we propose novel algorithms for modeling sequences under complex transformations
(such as multiple insertions, deletions, mutations) that exhibit state-of-the-art performance on a
variety of distinct classiÞcation tasks. In particular, we present new algorithms for inexact (e.g.
with mismatches) string comparison that improve currently known time bounds for such tasks and
show orders-of-magnitude running time improvements. The algorithms rely on an efÞcient implicit
computation of mismatch neighborhoods andk-mer statistic on sets of sequences. This leads to
a mismatch kernel algorithm with complexityO(ck,m (|X | + |Y |)) , whereck,m is independent of
the alphabet! . The algorithm can be easily generalized to other families of string kernels, such as
the spectrum and gapped kernels [6], as well as to semi-supervised settings such as the neighbor-
hood kernel of [7]. We demonstrate the beneÞts of our algorithms on many challenging classiÞca-
tion problems, such as detecting homology (evolutionary similarity) of remotely related proteins,
recognizing protein fold, and performing classiÞcation of music samples. The algorithms display
state-of-the-art classiÞcation performance and run substantially faster than existing methods. Low
computational complexity of our algorithms opens the possibility of analyzing very large datasets
under both fully-supervised and semi-supervised setting with modest computational resources.

2 Related Work

Over the past decade, various methods were proposed to solve the string classiÞcation problem,
includinggenerative, such as HMMs, ordiscriminativeapproaches. Among the discriminative ap-
proaches, in many sequence analysis tasks, kernel-based [8] machine learning methods provide most
accurate results [2, 3, 4, 6].

Sequence matching is frequently based on common co-occurrence of exact sub-patterns (k-mers,
features), as in spectrum kernels [9] or substring kernels [10]. Inexact comparison in this framework
is typically achieved using different families of mismatch [3] or proÞle [2] kernels. Both spectrum-k
and mismatch(k,m) kernel directly extract string features based on the observed sequence,X . On
the other hand, the proÞle kernel, proposed by Kuang et al. in [2], builds a proÞle [11]PX and
uses a similar|! |k -dimensional representation, derived fromPX . Constructing the proÞle for each
sequence may not be practical in some application domains, since the size of the proÞle is dependent
on the size of the alphabet set. While for bio-sequences|! | = 4 or 20, for music or text classiÞcation
|! | can potentially be very large, on the order of tens of thousands of symbols. In this case, a very
simple semi-supervised learning method, thesequence neighborhood kernel, can be employed [7]
as an alternative to lonek-mers with many mismatches.

The most efÞcient available trie-based algorithms [3, 5] for mismatch kernels have a strong depen-
dency on the size of alphabet set and the number of allowed mismatches, both of which need to be
restricted in practice to control the complexity of the algorithm. Under the trie-based framework, the
list of k-mers extracted from given strings is traversed in a depth-Þrst search with branches corre-
sponding to all possible! ! ! . Each leaf node at depthk corresponds to a particulark-mer feature
(either exact or inexact instance of the observed exact string features) and contains a list of matching
features from each string. The kernel matrix is updated at leaf nodes with corresponding counts.
The complexity of the trie-based algorithm for mismatch kernel computation for two stringsX and
Y is O(km +1 |! |m (|X | + |Y |)) [3]. The algorithm complexity depends on the size of! since dur-
ing a trie traversal, possible substitutions are drawn from! explicitly; consequently, to control the
complexity of the algorithm we need to restrict the number of allowed mismatches (m), as well as
the alphabet size (|! |). Such limitations hinder wide application of the powerful computational tool,
as in biological sequence analysis, mutation, insertions and deletions frequently co-occur, hence
establishing the need to relax the parameterm; on the other hand, restricting the size of the alpha-
bet sets strongly limits applications of the mismatch model. While other efÞcient string algorithms
exist, such as [6, 12] and the sufÞx-tree based algorithms in [10], they do not readily extend to the
mismatch framework. In this study, we aim to extend the works presented in [6, 10] and close the
existing gap in theoretical complexity between the mismatch and other fast string kernels.
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Mismatch Trie Algorithm
¥Depth-Þrst search over complete k-mer tree 

with leaves/paths for all possible k-mers

¥Problematic for large-∑ inputs and relaxed 
matching (larger m) and longer substrings

depth k

|∑|k leaves

A

C G

O(km +1 |! |m (|X | + |Y |)) for k-mers (contiguous substring of lengthk) with up tom mismatches
and the alphabet size|! |. This limits the applicability of such algorithms to simpler transformation
models (shorterk andm) and smaller alphabets, reducing their practical utility on complex real data.
As an alternative, more complex transformation models such as [2] lead to state-of-the-art predictive
performance at the expense of increased computational effort.

In this work we propose novel algorithms for modeling sequences under complex transformations
(such as multiple insertions, deletions, mutations) that exhibit state-of-the-art performance on a
variety of distinct classiÞcation tasks. In particular, we present new algorithms for inexact (e.g.
with mismatches) string comparison that improve currently known time bounds for such tasks and
show orders-of-magnitude running time improvements. The algorithms rely on an efÞcient implicit
computation of mismatch neighborhoods andk-mer statistic on sets of sequences. This leads to
a mismatch kernel algorithm with complexityO(ck,m (|X | + |Y |)) , whereck,m is independent of
the alphabet! . The algorithm can be easily generalized to other families of string kernels, such as
the spectrum and gapped kernels [6], as well as to semi-supervised settings such as the neighbor-
hood kernel of [7]. We demonstrate the beneÞts of our algorithms on many challenging classiÞca-
tion problems, such as detecting homology (evolutionary similarity) of remotely related proteins,
recognizing protein fold, and performing classiÞcation of music samples. The algorithms display
state-of-the-art classiÞcation performance and run substantially faster than existing methods. Low
computational complexity of our algorithms opens the possibility of analyzing very large datasets
under both fully-supervised and semi-supervised setting with modest computational resources.

2 Related Work

Over the past decade, various methods were proposed to solve the string classiÞcation problem,
includinggenerative, such as HMMs, ordiscriminativeapproaches. Among the discriminative ap-
proaches, in many sequence analysis tasks, kernel-based [8] machine learning methods provide most
accurate results [2, 3, 4, 6].

Sequence matching is frequently based on common co-occurrence of exact sub-patterns (k-mers,
features), as in spectrum kernels [9] or substring kernels [10]. Inexact comparison in this framework
is typically achieved using different families of mismatch [3] or proÞle [2] kernels. Both spectrum-k
and mismatch(k,m) kernel directly extract string features based on the observed sequence,X . On
the other hand, the proÞle kernel, proposed by Kuang et al. in [2], builds a proÞle [11]PX and
uses a similar|! |k -dimensional representation, derived fromPX . Constructing the proÞle for each
sequence may not be practical in some application domains, since the size of the proÞle is dependent
on the size of the alphabet set. While for bio-sequences|! | = 4 or 20, for music or text classiÞcation
|! | can potentially be very large, on the order of tens of thousands of symbols. In this case, a very
simple semi-supervised learning method, thesequence neighborhood kernel, can be employed [7]
as an alternative to lonek-mers with many mismatches.

The most efÞcient available trie-based algorithms [3, 5] for mismatch kernels have a strong depen-
dency on the size of alphabet set and the number of allowed mismatches, both of which need to be
restricted in practice to control the complexity of the algorithm. Under the trie-based framework, the
list of k-mers extracted from given strings is traversed in a depth-Þrst search with branches corre-
sponding to all possible! ! ! . Each leaf node at depthk corresponds to a particulark-mer feature
(either exact or inexact instance of the observed exact string features) and contains a list of matching
features from each string. The kernel matrix is updated at leaf nodes with corresponding counts.
The complexity of the trie-based algorithm for mismatch kernel computation for two stringsX and
Y is O(km +1 |! |m (|X | + |Y |)) [3]. The algorithm complexity depends on the size of! since dur-
ing a trie traversal, possible substitutions are drawn from! explicitly; consequently, to control the
complexity of the algorithm we need to restrict the number of allowed mismatches (m), as well as
the alphabet size (|! |). Such limitations hinder wide application of the powerful computational tool,
as in biological sequence analysis, mutation, insertions and deletions frequently co-occur, hence
establishing the need to relax the parameterm; on the other hand, restricting the size of the alpha-
bet sets strongly limits applications of the mismatch model. While other efÞcient string algorithms
exist, such as [6, 12] and the sufÞx-tree based algorithms in [10], they do not readily extend to the
mismatch framework. In this study, we aim to extend the works presented in [6, 10] and close the
existing gap in theoretical complexity between the mismatch and other fast string kernels.Want to address this

O(km |∑|m) - number of substrings at 
Hamming distance of at most m

k-mer tree
C

...

traversal complexity:
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Our Results
¥New sufÞcient-statistic based algorithms for similarity/

kernel computation with inexact k-mer matching

¥Improve time complexity over existing algorithms, 
removes dependency on the cardinality of the alphabet

¥Several orders-of-magnitude speed-up in practice <z 
can now be applied to larger inputs, longer 
substrings k, with many mismatches m

¥Enhance performance: more complex kernels 
improve predictive accuracy

104 speed-up for 

          large (|�|=1000) alphabets

    Figure 1: Relative running time vs. alphabet size

Scalable Algorithms for String KernelsScalable Algorithms for String Kernels
with Inexact Matchingwith Inexact Matching

Pavel P. Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Theoretical results
New algorithmic approach for string kernels with 
inexact matching, including mismatch, gapped, and 
other count-based kernels
Improves complexity bounds over existing algorithms
Extends to large-scale semi-supervised learning (eg. 
neighborhood kernel approach)

Empirical results
Several orders of magnitude speed-up 
Explore more complex kernels yielding improved 
predictions

Points of Interest
!  Removing dependency on the size of the 
alphabet under the mismatch measure
        O(km|�|mn) "   O(c

k,m
n)

!  Generalization of algorithms for kernels on 
strings, improving time-efficiency
!  Enhancing performance with new algorithms

! computational biology
! recognizing protein fold from sequence
! detecting remote evolutionary similarity

! general sequence data
! music genre recognition

!  State-of-the-art  results for protein classification

Problem: what are the best algorithms for strings under inexact matching?

Spotlight ID:

     ???

Speed-up
Protein DNA Text Music
100 75 >106 104

Table 2: Remote homology detection

Original Relaxed
Supervised 41.92 52.00
Semi-supervised 81.05 86.32http://seqam.rutgers.edu/projects/new-inexact/

Table 1: Protein fold prediction (multi-class)

Original Relaxed
Supervised 46.78 52.87
Semi-supervised 70.87 77.51

features index

features index

ordered

unordered

similarity matrix

Sequence data

Original 57.4
Relaxed 64.4

Table 3: Music genre

classification (multi-class)

# Reduce error by 15% compared to 

the best available method
# Reduce error by 30% compared to 

the state-of-the-art profile kernel
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Our approach: 
SufÞcient Statistics

(I) Exact spectrum computation with counting sort

(2) SufÞcient statistics for string kernels and their 
computation using (1) as a sub-algorithm

Two steps:

Evaluation of sequence similarity in k-mer models using 
SufÞcient Statistics
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(I) Exact k-mer spectrum 
computation

  

http://seqam.rutgers.edu/projects/new-inexact

Problem
! Explicit feature vectors are not readily available for many data domains (eg. biosequences, text, 

audio data, etc.)

" Explicit feature extraction can be complex and expensive
! Alternative: use kernel functions  or  inner products between data points in a higher dimensional 

feature space
" Eg. feature space formed by all subsequences of length k (eg. subsequence, gapped, or 

mismatch string kernels):

" as the dimensionality grows exponentially |! |k, direct computation of the inner products is 
prohibitive 

! Eg. music with 1024-alphaber ~109-1015 features (k=3,5)

#  Need efficient algorithms for the inner product (kernel) 

How do we compute string kernel inner products more efficiently for
  large-| ! | inputs and inexact matching with relaxed (eg. with many mismatches) 

constraints?

Our approach
! Sufficient statistics Ð based method for efficient RKHS inner product evaluation
  for string kernels

" generalizes computation and improves time-efficiency of many existing string kernel functions

! Previous work: suffix trees (Vishwanathan '02), (sparse) dynamic programming (Rousu '05), 
mismatch trie (Leslie '04)

! This work: new algorithmic approach (sufficient statistics & sorting), improves complexity bounds 
over prior works, orders of magnitude speed-up

! Open questions addressed in this work:
" dependency on |" | for mismatch model
" unified computational framework for string kernels with inexact matching
" efficient computation for large-|" | inputs

Main Contributions
New efficient algorithms based on sufficient statistics for string kernel computations 

Theoretical results
! New algorithmic approach for string kernel computation with inexact matching
! Improve complexity bounds over existing algorithms

Empirical results
! Orders of magnitude speed-up, large datasets (millions of examples, semi-supervised)
! State-of-the-art  results for protein classification

Scalable Algorithms for String Kernels with Inexact Matching
Pavel Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Department of Computer Science, Rutgers University, NJ

Algorithm Overview

I. Mismatch kernel function:

Rewriting (1) we get

This gives a quadratic  algorithm (Hamming distance-based ), does not depend  on |!#$%&'()*)+(,

"#$%&'%()%*'++',-
-%./)+)01$234$.%$1%+

2.#+/01$2%3+#+13+1/3 4

We use sorting-based counting to compute in linear time  cumulative statistics C
i
 first,

Then derive M
i
 from C

i
 to evaluate the inner product (1)

i.e. we obtain a linear time  algorithm independent  of |!#

10,000x faster for 
          large (|! |=1000) alphabets

Relative running time vs. alphabet size

5/6+%)0 789 :%&+ ;<=)*
100 75 >106 104

Speed-up [x]:

K $X ,Y%& ' ( ) ' K c$( |X%c$( |Y% $1%

c$( |X%& ' * ) X I m$* ,( %

I m$( ,* %& +1, d$( ,* %, m
0, otherwise

d$( ,* %- Hamming distance between (  and *

K $X ,Y%& ' * ) X ' . ) Y ' ( ) ' k I m$( ,* %I m$( , . %
#neighbors /  shared by a and b
constant  for given d(a,b)!

4'.)+'%0).)5)26%('+'/+1)$%748"9:;
Original (5,1) Relaxed (7,3)

Supervised 41.92 52.00
Semi-supervised 81.05 89.52

<=5+1>/5#33%?,)+'1$%@)5(%?,'(1/+1)$A%B
Method / Accuracy Original (5,1) Relaxed (7,3)
Supervised 46.78 52.87
Semi-supervised 70.87 77.51

Original 57.4
Relaxed 64.4

Music genre classification
accuracy (multi-class),  %

K $X ,Y%& ' * ) X ' ( ) Y / $( ,* % $2%

K $X ,Y%& ' i& 0
i& 2m M i / i $3%

K $X ,Y%& ' i& 0
i& mCi

K $X ,Y%& ' i& 0
i& mCi

'

K $X ,Y%& M0

Results

AAAA ACAC AGAG ...... CGCG ...... GAGA ...... TTTT
00

11

22 >
2
(ÔACGACÕ)

k=2
m=0

 1       2        3         ...                                      |! |k

Features
Features (k-mers)

C
ou

nt
s

index

index

features

features

ordered

unordered

AA AC AG ... TT
  1           2          3        ...         |! |k 

k-mer feature space:

! "- �������$! "#%"! ) $ "# ) %"����	����
���&

' $( ) 0 
� ' �) * % 1 ' $+( ") * %" +( ") & ' &&�

�� $(&%$( - &%

References
Vishwanathan & Smola, Fast kernels for string and tree matching, NIPS 2002
Leslie & Kuang, Fast string kernels using inexact matching, JMLR 2004
Rousu & Shawe-Taylor, Efficient computation of gapped substring kernels on large alphabets, JMLR 2005
Lodhi et al. Text classification using string kernels, JMLR 2002

C',$'5%.#+,1D%/).?=+#+1)$%%73;
!"#$% &'()' &*
+,-./$0 1'2 34*
5,-./$067#/!$8#"+9 &'(' ':;<*

 String kernels
! Kernel functions defined on feature vectors
  computed from strings
! Features:

" substrings (contiguous), 
" subsequences (non-contiguous)

AAC
ACT
CTG

Feature space
  (AAA-TTT)AACTG   GCAAC

GCA
CAA
AAC

AAA 
AAC
ACT
CAA
CTG
GCA

0
1
0
1
0
1

0
1
1
0
1
0

"   Iteratively remove i positions, sort, and count number of 
matches for (k-i)-mers

" Reduces computation to a series of spectrum kernel 
computations

Ci& Mi0 ' j& 0
j& i - 1$k- j

i - j %M j

NIPS 2008,
December 8-11

EEF%G31$2%3=@@1/1'$+%3+#+13+1/3%+)%/).?=+'%3+,1$2%H',$'5%@=$/+1)$3
?@$A'%*+/<B$C%/0%(=$2D%=()%E$3FF34G

H@$I)(J*?/J$C%/0%(=$2D%=()%E$3FFK4G$

$

*@$L?''%J$C%/0%(=$2D%=()%E$3FFK4G$

J@$A'?+)?($C%/0%(=$2M<C=?E$3FFN4

%@$8%)1OH6/O66J$C%/0%(=$2I%=+60E$3FFP4G$
$$$=%B)Q=<'%/R)=%J$0%)1OH6/QH?=%J

$$$$$$$$$$M282S4E82T44UM2SVETV4

X1: GGAA
X2: TTTGAA
X3: GGAAT

GGA
GAA
TTT
TTG
TGA
GAA
GGA
GAA
AAT

1
1
2
2
2
2
3
3
3

AAT
GAA
GAA
GAA
GGA
GGA
TTA
TTG
TTT

3
1
2
3
1
3
2
2
2

Kernel computation with counting sort:

Kernel updates: M2WEW4$U$M2WEW4$X$**:

Algorithm . (Mismatch-SS) Mismatch kernel algorithm based on Sufficient Statistics
Input : strings X, Y,  parameters k,m,
1. Compute min(2m,k) cumulative matching statistics, C

i
, using  counting sort

2. Compute exact matching statistics, M
i

3. Evaluate kernel using :

Output : Mismatch kernel value K(X,Y|k,m)

/ !

" $# $%!& $' %& ' !& "
&!( $#$ $' %) ! / !

) !& * !- ' +& "
!- %$' - +

!- +%) +$ !& "&''' $&!( $&!( $#$ $' %$' - %%

) ' & , - ' +& " ' - %) +

Features:      Seq. Index:

Counting sort
Seq. index: 1 2 3
Counts:       1 1 1
Seq. index: 1 3
Counts:       1 1

Seq. index: 2 
Counts:       1

Seq. index: 3 
Counts:       1

...

"  Jointly sort the observed k-mers in N(X) and N(Y)
"  Apply desired kernel evaluation method (eg. spectrum, mismatch, gapped, etc)

" $# $%%& ' ! & $- %&- #&''' $- .- %%
* !

Input sequences

Kernel updates (per substring):
K(J,J) = K(J,J) + ccT

c - feature counts,  J - sequence index

substring 
kernel

k=3,m=0

Counting sort:
O(kn) evaluation for 

exact spectrum

How does this extend to inexact matching (m>0)?
Wednesday, November 13, 13



Approximate sequence matching

Observation I: number of substrings within distance m 
from both a and b is independent of a and b;
  it only depends on Hamming distance d(a,b)

I m (! , " ) =
!

1, d(! , " ) ! m
0, otherwise

(1)

1

Main issue: denser k-mer spectrum, i.e. many more features due to approximate  
matching (m>0)

introduces for every k-mer a 
mismatch neighborhood       

N(a|k,m) of size
O(km|∑|m)

intersection size of the a and b
mismatch neighborhoods

K (X, Y |k, m) =
!

! ! ! k

!

" ! X

I m (! , " )
!

# ! Y

I m (#, " )

=
!

" ! X

!

# ! Y

!

! ! ! k

I m (! , " )I m (#, " )

1

a
m

b

matching function:

frequency of ɣ
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SufÞcient statistics

SufÞcient statistics: 
Mi = number of pairs of substrings (a in X, b in Y) at 
Hamming distance d(a,b)=i ; Ii - intersection size

Observation II: kernel value is incremented only by     
min(2m,k)+1 distinct values corresponding to Hamming 
distances 0-2m between k-mers

How to compute matching statistics Mi efÞciently?
¥ Problem: direct computation of Mi is still quadratic!

K (X, Y |k, m) =
!

! ! ! k

!

" ! X

I m (! , " )
!

# ! Y

I m (#, " )

=
!

" ! X

!

# ! Y

!

! ! ! k

I m (! , " )I m (#, " )

K (X, Y |k, m) =
!

" ! X

!

# ! Y

I (! , #) =
2m!

i =0

M i I i

1

O(|X||Y|)
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Computing sufÞcient statistics

¥Instead of Mi Þrst compute approximate (with over-
counting) number of pairs Ci at distance at most i (≤i) 
(as opposed to at distance i)

¥Algorithm (Ci): iteratively remove i positions, sort and 
compute exact k-mer spectrum for (k-i)-mers aÕ, bÕ

¥Relationship between cumulative matching statistics 
Ci and sufÞcient statistics Mi

  

http://seqam.rutgers.edu/projects/new-inexact

Problem
! Explicit feature vectors are not readily available for many data domains (eg. biosequences, text, 

audio data, etc.)

" Explicit feature extraction can be complex and expensive
! Alternative: use kernel functions  or  inner products between data points in a higher dimensional 

feature space
" Eg. feature space formed by all subsequences of length k (eg. subsequence, gapped, or 

mismatch string kernels):

" as the dimensionality grows exponentially |! |k, direct computation of the inner products is 
prohibitive 

! Eg. music with 1024-alphaber ~109-1015 features (k=3,5)

#  Need efficient algorithms for the inner product (kernel) 

How do we compute string kernel inner products more efficiently for
  large-| ! | inputs and inexact matching with relaxed (eg. with many mismatches) 

constraints?

Our approach
! Sufficient statistics Ð based method for efficient RKHS inner product evaluation
  for string kernels

" generalizes computation and improves time-efficiency of many existing string kernel functions

! Previous work: suffix trees (Vishwanathan '02), (sparse) dynamic programming (Rousu '05), 
mismatch trie (Leslie '04)

! This work: new algorithmic approach (sufficient statistics & sorting), improves complexity bounds 
over prior works, orders of magnitude speed-up

! Open questions addressed in this work:
" dependency on |" | for mismatch model
" unified computational framework for string kernels with inexact matching
" efficient computation for large-|" | inputs

Main Contributions
New efficient algorithms based on sufficient statistics for string kernel computations 

Theoretical results
! New algorithmic approach for string kernel computation with inexact matching
! Improve complexity bounds over existing algorithms

Empirical results
! Orders of magnitude speed-up, large datasets (millions of examples, semi-supervised)
! State-of-the-art  results for protein classification

Scalable Algorithms for String Kernels with Inexact Matching
Pavel Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Department of Computer Science, Rutgers University, NJ

Algorithm Overview

I. Mismatch kernel function:

Rewriting (1) we get

This gives a quadratic  algorithm (Hamming distance-based ), does not depend  on |!#$%&'()*)+(,

"#$%&'%()%*'++',-
-%./)+)01$234$.%$1%+

2.#+/01$2%3+#+13+1/3 4

We use sorting-based counting to compute in linear time  cumulative statistics C
i
 first,

Then derive M
i
 from C

i
 to evaluate the inner product (1)

i.e. we obtain a linear time  algorithm independent  of |!#

10,000x faster for 
          large (|�|=1000) alphabets

Relative running time vs. alphabet size

5/6+%)0 789 :%&+ ;<=)*
100 75 >106 104

Speed-up [x]:

K $X ,Y%& ' ( ) ' K c$( |X%c$( |Y% $1%

c$( |X%& ' * ) X I m$* ,( %

I m$( ,* %& +1, d$( ,* %, m
0, otherwise

d$( ,* %- Hamming distance between (  and *

K $X ,Y%& ' * ) X ' . ) Y ' ( ) ' k I m$( ,* %I m$( , . %
#neighbors /  shared by a and b
constant  for given d(a,b)!

4'.)+'%0).)5)26%('+'/+1)$%748"9:;
Original (5,1) Relaxed (7,3)

Supervised 41.92 52.00
Semi-supervised 81.05 89.52

<=5+1>/5#33%?,)+'1$%@)5(%?,'(1/+1)$A%B
Method / Accuracy Original (5,1) Relaxed (7,3)
Supervised 46.78 52.87
Semi-supervised 70.87 77.51

Original 57.4
Relaxed 64.4

Music genre classification
accuracy (multi-class),  %
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 String kernels
! Kernel functions defined on feature vectors
  computed from strings
! Features:

" substrings (contiguous), 
" subsequences (non-contiguous)

AAC
ACT
CTG

Feature space
  (AAA-TTT)AACTG   GCAAC

GCA
CAA
AAC

AAA 
AAC
ACT
CAA
CTG
GCA

0
1
0
1
0
1

0
1
1
0
1
0

"   Iteratively remove i positions, sort, and count number of 
matches for (k-i)-mers

" Reduces computation to a series of spectrum kernel 
computations

Ci& Mi0 ' j& 0
j& i - 1$k- j

i - j %M j

NIPS 2008,
December 8-11
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Kernel computation with counting sort:

Kernel updates: M2WEW4$U$M2WEW4$X$**:

Algorithm . (Mismatch-SS) Mismatch kernel algorithm based on Sufficient Statistics
Input : strings X, Y,  parameters k,m,
1. Compute min(2m,k) cumulative matching statistics, C

i
, using  counting sort

2. Compute exact matching statistics, M
i

3. Evaluate kernel using :

Output : Mismatch kernel value K(X,Y|k,m)

/ !

" $# $%�& $' %& ' !& �
&!( $��$' %) ! / !

) !& * !- ' +& �
!- � $' - +

!- +%) +$ !& ��� ��$&!( $&!( $��$' %$' - �%

) ' & , - ' +& � ' - � ) +

Features:      Seq. Index:

Counting sort
Seq. index: 1 2 3
Counts:       1 1 1
Seq. index: 1 3
Counts:       1 1

Seq. index: 2 
Counts:       1

Seq. index: 3 
Counts:       1

...

"  Jointly sort the observed k-mers in N(X) and N(Y)
"  Apply desired kernel evaluation method (eg. spectrum, mismatch, gapped, etc)

" $# $%%& ' ! & $- �� - ��� ��$- .- �%
* !

In this problem it is not necessary to know the distance between each pair of k-mers; one only
needs to know the number of pairs (M i) at each distance i . We show next that the above problem
of computing matching statistics can be solved in linear time (in the number n of k-mers) using
multiple rounds of counting sort as a sub-algorithm.

We first consider the problem of computing number of k-mers at distance 0, i.e. the number of
exact matches. In this case, we can apply counting sort to order all k-mers lexicographically and
find the number of exact matches by scanning the sorted list. The counting then requires linear
O(kn) time. Efficient direct computation of M i for any i > 0 is difficult (requires quadratic time);
we take another approach and first compute inexact cumulative mismatch statistics, Ci = M i +! i�1

j=0

"k�j
i�j

#
M j , that overcount the number of k-mer pairs at a given distance i , as follows. Consider

two k-mers a and b. Pick i positions and remove from the k-mers the symbols at the corresponding
positions to obtain (k�i )-mers a⇥ and b⇥. The key observation is that d(a⇥, b⇥) = 0 ⇤ d(a, b) ⇥ i .
As a result, given n k-mers, we can compute the cumulative mismatch statistics Ci in linear time
using

"k
i

#
rounds of counting sort on (k � i )-mers. The exact mismatch statistics M i can then be

obtained from Ci by subtracting the exact counts to compensate for overcounting as follows:

M i = Ci �
i�1$

j=0

%
k � j
i � j

&
M j , i = 0, . . . , min(min(2m, k), k � 1) (7)

The last mismatch statistic M k can be computed by subtracting the preceding statistics M 0, ...M k�1
from the total number of possible matches:

M k = T �
k�1$

j=0

M j , where T = (nx � k + 1)(ny � k + 1). (8)

Our algorithm for mismatch kernel computations based on sufficient statistics is summarized in
Algorithm 2. The overall complexity of the algorithm is O(nck,m) with the constant ck,m =
! min(2 m,k)

l=0

"k
l

#
(k � l), independent of the size of the alphabet set, and

"k
l

#
is the number of rounds

of counting sort for evaluating the cumulative mismatch statistics Cl.

Algorithm 2. (Mismatch-SS) Mismatch kernel algorithm based on Sufficient Statistics
Input: strings X, Y, |X | = nx, |Y | = ny , parameters k, m, pre-computed intersection values I
1. Compute min(2m, k) cumulative matching statistics, Ci, using counting sort
2. Compute exact matching statistics, M i, using Equation 7
3. Evaluate kernel using Equation 6: K (X, Y |m, k) =

! min(2 m,k)
i=0 M iI i

Output: Mismatch kernel value K (X, Y |k, m)

5 Extensions

Our algorithmic approach can also be applied to a variety of existing string kernels, leading to very
efficient and simple algorithms that could benefit many applications.

Spectrum Kernels. The spectrum kernel [9] in our notation is the first sufficient statistic M 0, i.e.
K (X, Y |k) = M 0, which can be computed in k rounds of counting sort (i.e. in O(kn) time).

Gapped Kernels. The gapped kernels [6] measure similarity between strings X and Y based on the
co-occurrence of gapped instances g, |g| = k + m > k of k-long substrings:

K (X, Y |k, g) =
$

! ⇤! k

' $

g⇤X,|g|= k+ m

I (! , g)
(' $

g⇤Y,|g|= k+ m

I (! , g)
(

, (9)

where I (! , g) = 1 when ! is a subsequence of g. Similar to the algorithmic approach for extracting
cumulative mismatch statistics in Algorithm-2, to compute the gapped(g,k) kernel, we perform a
single round of counting sort over k-mers contained in the g-mers. This gives a very simple and
efficient O(

"g
k

#
kn) time algorithm for gapped kernel computations.

Wildcard kernels. The wildcard(k,m) kernel [6] in our notation is the sum of the cumulative
statistics K (X, Y |k, m) =

! m
i=0 Ci, i.e. can be computed in

! m
i=0

"k
i

#
rounds of counting sort,

giving a simple and efficient O(
! m

i=0

"k
i

#
(k � i )n) algorithm.
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II: SufÞcient Statistic 
(SS) algorithm
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Problem
! Explicit feature vectors are not readily available for many data domains (eg. biosequences, text, 

audio data, etc.)

" Explicit feature extraction can be complex and expensive
! Alternative: use kernel functions  or  inner products between data points in a higher dimensional 

feature space
" Eg. feature space formed by all subsequences of length k (eg. subsequence, gapped, or 

mismatch string kernels):

" as the dimensionality grows exponentially |! |k, direct computation of the inner products is 
prohibitive 

! Eg. music with 1024-alphaber ~109-1015 features (k=3,5)

#  Need efficient algorithms for the inner product (kernel) 

How do we compute string kernel inner products more efficiently for
  large-| ! | inputs and inexact matching with relaxed (eg. with many mismatches) 

constraints?

Our approach
! Sufficient statistics Ð based method for efficient RKHS inner product evaluation
  for string kernels

" generalizes computation and improves time-efficiency of many existing string kernel functions

! Previous work: suffix trees (Vishwanathan '02), (sparse) dynamic programming (Rousu '05), 
mismatch trie (Leslie '04)

! This work: new algorithmic approach (sufficient statistics & sorting), improves complexity bounds 
over prior works, orders of magnitude speed-up

! Open questions addressed in this work:
" dependency on |" | for mismatch model
" unified computational framework for string kernels with inexact matching
" efficient computation for large-|" | inputs

Main Contributions
New efficient algorithms based on sufficient statistics for string kernel computations 

Theoretical results
! New algorithmic approach for string kernel computation with inexact matching
! Improve complexity bounds over existing algorithms

Empirical results
! Orders of magnitude speed-up, large datasets (millions of examples, semi-supervised)
! State-of-the-art  results for protein classification

Scalable Algorithms for String Kernels with Inexact Matching
Pavel Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Department of Computer Science, Rutgers University, NJ

Algorithm Overview

I. Mismatch kernel function:

Rewriting (1) we get

This gives a quadratic  algorithm (Hamming distance-based ), does not depend  on |!#$%&'()*)+(,
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We use sorting-based counting to compute in linear time  cumulative statistics C
i
 first,

Then derive M
i
 from C

i
 to evaluate the inner product (1)

i.e. we obtain a linear time  algorithm independent  of |!#

10,000x faster for 
          large (|! |=1000) alphabets

Relative running time vs. alphabet size

5/6+%)0 789 :%&+ ;<=)*
100 75 >106 104

Speed-up [x]:

K $X ,Y%& ' ( ) ' K c$( |X%c$( |Y% $1%

c$( |X%& ' * ) X I m$* ,( %

I m$( ,* %& +1, d$( ,* %, m
0, otherwise

d$( ,* %- Hamming distance between (  and *

K $X ,Y%& ' * ) X ' . ) Y ' ( ) ' k I m$( ,* %I m$( , . %
#neighbors /  shared by a and b
constant  for given d(a,b)!

4'.)+'%0).)5)26%('+'/+1)$%748"9:;
Original (5,1) Relaxed (7,3)

Supervised 41.92 52.00
Semi-supervised 81.05 89.52

<=5+1>/5#33%?,)+'1$%@)5(%?,'(1/+1)$A%B
Method / Accuracy Original (5,1) Relaxed (7,3)
Supervised 46.78 52.87
Semi-supervised 70.87 77.51

Original 57.4
Relaxed 64.4

Music genre classification
accuracy (multi-class),  %
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 String kernels
! Kernel functions defined on feature vectors
  computed from strings
! Features:

" substrings (contiguous), 
" subsequences (non-contiguous)

AAC
ACT
CTG

Feature space
  (AAA-TTT)AACTG   GCAAC

GCA
CAA
AAC

AAA 
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CTG
GCA

0
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"   Iteratively remove i positions, sort, and count number of 
matches for (k-i)-mers

" Reduces computation to a series of spectrum kernel 
computations

Ci& Mi0 ' j& 0
j& i - 1$k- j

i - j %M j

NIPS 2008,
December 8-11
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Kernel computation with counting sort:

Kernel updates: M2WEW4$U$M2WEW4$X$**:

Algorithm . (Mismatch-SS) Mismatch kernel algorithm based on Sufficient Statistics
Input : strings X, Y,  parameters k,m,
1. Compute min(2m,k) cumulative matching statistics, C

i
, using  counting sort

2. Compute exact matching statistics, M
i

3. Evaluate kernel using :

Output : Mismatch kernel value K(X,Y|k,m)

/ !

" $# $%�& $' %& ' !& �
&!( $��$' %) ! / !

) !& * !- ' +& �
!- � $' - +
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Features:      Seq. Index:

Counting sort
Seq. index: 1 2 3
Counts:       1 1 1
Seq. index: 1 3
Counts:       1 1

Seq. index: 2 
Counts:       1

Seq. index: 3 
Counts:       1

...

"  Jointly sort the observed k-mers in N(X) and N(Y)
"  Apply desired kernel evaluation method (eg. spectrum, mismatch, gapped, etc)

" $# $%%& '
�& $- �� - ��� ��$- .- �%

*
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Problem
� Explicit feature vectors are not readily available for many data domains (eg. biosequences, text, 

audio data, etc.)

� Explicit feature extraction can be complex and expensive
� Alternative: use kernel functions  or  inner products between data points in a higher dimensional 

feature space
� Eg. feature space formed by all subsequences of length k (eg. subsequence, gapped, or 

mismatch string kernels):

� as the dimensionality grows exponentially |! |k, direct computation of the inner products is 
prohibitive 
�Eg. music with 1024-alphaber ~109-1015 features (k=3,5)

� Need efficient algorithms for the inner product (kernel) 

How do we compute string kernel inner products more efficiently for
  large-| ! | inputs and inexact matching with relaxed (eg. with many mismatches) 

constraints?

Our approach
� Sufficient statistics Ð based method for efficient RKHS inner product evaluation
  for string kernels

� generalizes computation and improves time-efficiency of many existing string kernel functions

� Previous work: suffix trees (Vishwanathan '02), (sparse) dynamic programming (Rousu '05), 
mismatch trie (Leslie '04)

� This work: new algorithmic approach (sufficient statistics & sorting), improves complexity bounds 
over prior works, orders of magnitude speed-up

� Open questions addressed in this work:
� dependency on |" | for mismatch model
� unified computational framework for string kernels with inexact matching
� efficient computation for large-|" | inputs

Main Contributions
New efficient algorithms based on sufficient statistics for string kernel computations 

Theoretical results
� New algorithmic approach for string kernel computation with inexact matching
� Improve complexity bounds over existing algorithms

Empirical results
� Orders of magnitude speed-up, large datasets (millions of examples, semi-supervised)
� State-of-the-art  results for protein classification

Scalable Algorithms for String Kernels with Inexact Matching
Pavel Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Department of Computer Science, Rutgers University, NJ

Algorithm Overview

I. Mismatch kernel function:

Rewriting (1) we get

This gives a quadratic  algorithm (Hamming distance-based ), does not depend  on |!#$%&'()*)+(,
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We use sorting-based counting to compute in linear time  cumulative statistics C
i
 first,

Then derive M
i
 from C

i
 to evaluate the inner product (1)

i.e. we obtain a linear time  algorithm independent  of |!#

10,000x faster for 
          large (|�|=1000) alphabets

Relative running time vs. alphabet size
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Speed-up [x]:
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Original 57.4
Relaxed 64.4

Music genre classification
accuracy (multi-class),  %

K �X ,Y���
	X ��	Y��� ,
� �2�

K �X ,Y��� i�0
i�2m M i �i �3�

K �X ,Y���i�0
i�mCi

K �X ,Y���i�0
i�mCi

'

K �X ,Y��M 0

Results

AAAA ACAC AGAG ...... CGCG ...... GAGA ...... TTTT
00

11

22 >
2
(ÔACGACÕ)

k=2
m=0

 1       2        3         ...                                      |�|k

Features
Features (k-mers)

C
ou

nt
s

index

index

features

features

ordered

unordered

AA AC AG ... TT
  1           2          3        ...         |�|k 

k-mer feature space:

! "
!"#$%&' �! "# � "! 	 $ "#	%"'#(')$&(#*+,' &

' �( ) �- . � .) * � � ' �+( ") * � " +( ") ��&�/
01 �(&��( 
&�

References
Vishwanathan & Smola, Fast kernels for string and tree matching, NIPS 2002
Leslie & Kuang, Fast string kernels using inexact matching, JMLR 2004
Rousu & Shawe-Taylor, Efficient computation of gapped substring kernels on large alphabets, JMLR 2005
Lodhi et al. Text classification using string kernels, JMLR 2002

C',$'5%.#+,1D%/).?=+#+1)$%%73;
!"#$% &'()' &*
+,-./$0 1'2 34*
5,-./$067#/!$8#"+9 &'(' ':;<*

 String kernels
� Kernel functions defined on feature vectors
  computed from strings
� Features:

� substrings (contiguous), 
� subsequences (non-contiguous)

AAC
ACT
CTG

Feature space
  (AAA-TTT)AACTG   GCAAC
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�  Iteratively remove i positions, sort, and count number of 
matches for (k-i)-mers

� Reduces computation to a series of spectrum kernel 
computations
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Kernel computation with counting sort:

Kernel updates: M2WEW4$U$M2WEW4$X$**:

Algorithm . (Mismatch-SS) Mismatch kernel algorithm based on Sufficient Statistics
Input : strings X, Y,  parameters k,m,
1. Compute min(2m,k) cumulative matching statistics, C

i
, using  counting sort

2. Compute exact matching statistics, M
i

3. Evaluate kernel using :

Output : Mismatch kernel value K(X,Y|k,m)

�!
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Features:      Seq. Index:

Counting sort
Seq. index: 1 2 3
Counts:       1 1 1
Seq. index: 1 3
Counts:       1 1

Seq. index: 2 
Counts:       1

Seq. index: 3 
Counts:       1

...

� Jointly sort the observed k-mers in N(X) and N(Y)
� Apply desired kernel evaluation method (eg. spectrum, mismatch, gapped, etc)

" �# $%��� ! ��- %&- #&''' $- .
%�
* !

original complexity
(trie-based) SufÞcient-statistic based
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¥Spectrum kernels (Leslie, 2002)

                        K(X,Y) = M0

¥Gapped kernels (Leslie, 2004; Rousu, 2005)

¥Spatial kernels (Kuksa, 2008 & 2010)

¥In all cases reduce computation to multiple rounds of 
exact spectrum kernel computation (counting sort!)

Using SufÞcient Statistics to 
compute similarity functions

  

http://seqam.rutgers.edu/projects/new-inexact

Problem
! Explicit feature vectors are not readily available for many data domains (eg. biosequences, text, 

audio data, etc.)

" Explicit feature extraction can be complex and expensive
! Alternative: use kernel functions  or  inner products between data points in a higher dimensional 

feature space
" Eg. feature space formed by all subsequences of length k (eg. subsequence, gapped, or 

mismatch string kernels):

" as the dimensionality grows exponentially |! |k, direct computation of the inner products is 
prohibitive 

! Eg. music with 1024-alphaber ~109-1015 features (k=3,5)

#  Need efficient algorithms for the inner product (kernel) 

How do we compute string kernel inner products more efficiently for
  large-|! | inputs and inexact matching with relaxed (eg. with many mismatches) 

constraints?

Our approach
! Sufficient statistics Ð based method for efficient RKHS inner product evaluation
  for string kernels

" generalizes computation and improves time-efficiency of many existing string kernel functions

! Previous work: suffix trees (Vishwanathan '02), (sparse) dynamic programming (Rousu '05), 
mismatch trie (Leslie '04)

! This work: new algorithmic approach (sufficient statistics & sorting), improves complexity bounds 
over prior works, orders of magnitude speed-up

! Open questions addressed in this work:
" dependency on |" | for mismatch model
" unified computational framework for string kernels with inexact matching
" efficient computation for large-|" | inputs

Main Contributions
New efficient algorithms based on sufficient statistics for string kernel computations 

Theoretical results
! New algorithmic approach for string kernel computation with inexact matching
! Improve complexity bounds over existing algorithms

Empirical results
! Orders of magnitude speed-up, large datasets (millions of examples, semi-supervised)
! State-of-the-art  results for protein classification

Scalable Algorithms for String Kernels with Inexact Matching
Pavel Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Department of Computer Science, Rutgers University, NJ

Algorithm Overview
I. Mismatch kernel function:

Rewriting (1) we get

This gives a quadratic  algorithm (Hamming distance-based ), does not depend  on |!#$%&'()*)+(,

"#$%&'%()%*'++',-
-%./)+)01$234$.%$1%+

2.#+/01$2%3+#+13+1/3 4

We use sorting-based counting to compute in linear time  cumulative statistics C
i
 first,

Then derive M
i
 from C

i
 to evaluate the inner product (1)

i.e. we obtain a linear time  algorithm independent  of |!#

10,000x faster for 
          large (|! |=1000) alphabets

Relative running time vs. alphabet size

5/6+%)0 789 :%&+ ;<=)*
100 75 >106 104

Speed-up [x]:

K $X ,Y%& ' ( ) ' K c$( |X%c$( |Y% $1%

c$( |X%& ' * ) X I m$* ,( %

I m$( ,* %& +1, d$( ,* %, m
0, otherwise

d$( ,* %- Hamming distance between (  and *

K $X ,Y%& ' * ) X ' . ) Y ' ( ) ' k I m$( ,* %I m$( , . %
#neighbors /  shared by a and b
constant for given d(a,b)!

4'.)+'%0).)5)26%('+'/+1)$%748"9:;
Original (5,1) Relaxed (7,3)

Supervised 41.92 52.00
Semi-supervised 81.05 89.52

<=5+1>/5#33%?,)+'1$%@)5(%?,'(1/+1)$A%B
Method / Accuracy Original (5,1) Relaxed (7,3)
Supervised 46.78 52.87
Semi-supervised 70.87 77.51

Original 57.4
Relaxed 64.4

Music genre classification
accuracy (multi-class),  %

K $X ,Y%& ' * ) X ' ( ) Y / $( ,* % $2%

K $X ,Y%& ' i& 0
i& 2m M i / i $3%

K $X ,Y%& ' i& 0
i& mCi

K $X ,Y%& ' i& 0
i& mCi

'

K $X ,Y%& M0

Results

AAAA ACAC AGAG ...... CGCG ...... GAGA ...... TTTT
00

11

22 >
2
(ÔACGACÕ)

k=2
m=0

 1       2        3         ...                                      |! |k

Features
Features (k-mers)

C
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index

index

features

features

ordered

unordered

AA AC AG ... TT
  1           2          3        ...         |! |k 

k-mer feature space:
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 String kernels
! Kernel functions defined on feature vectors
  computed from strings
! Features:

" substrings (contiguous), 
" subsequences (non-contiguous)

AAC
ACT
CTG

Feature space
  (AAA-TTT)AACTG   GCAAC

GCA
CAA
AAC

AAA 
AAC
ACT
CAA
CTG
GCA

0
1
0
1
0
1

0
1
1
0
1
0

"   Iteratively remove i positions, sort, and count number of 
matches for (k-i)-mers

" Reduces computation to a series of spectrum kernel 
computations
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Kernel computation with counting sort:

Kernel updates: M2WEW4$U$M2WEW4$X$**:

Algorithm. (Mismatch-SS) Mismatch kernel algorithm based on Sufficient Statistics
Input: strings X, Y,  parameters k,m,
1. Compute min(2m,k) cumulative matching statistics, C

i
, using  counting sort

2. Compute exact matching statistics, M
i

3. Evaluate kernel using :

Output: Mismatch kernel value K(X,Y|k,m)

/ !
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Features:      Seq. Index:

Counting sort
Seq. index: 1 2 3
Counts:       1 1 1
Seq. index: 1 3
Counts:       1 1

Seq. index: 2 
Counts:       1

Seq. index: 3 
Counts:       1

...

"  Jointly sort the observed k-mers in N(X) and N(Y)
"  Apply desired kernel evaluation method (eg. spectrum, mismatch, gapped, etc)
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Problem
! Explicit feature vectors are not readily available for many data domains (eg. biosequences, text, 

audio data, etc.)

" Explicit feature extraction can be complex and expensive
! Alternative: use kernel functions  or  inner products between data points in a higher dimensional 

feature space
" Eg. feature space formed by all subsequences of length k (eg. subsequence, gapped, or 

mismatch string kernels):

" as the dimensionality grows exponentially |! |k, direct computation of the inner products is 
prohibitive 

! Eg. music with 1024-alphaber ~109-1015 features (k=3,5)

#  Need efficient algorithms for the inner product (kernel) 

How do we compute string kernel inner products more efficiently for
  large-| ! | inputs and inexact matching with relaxed (eg. with many mismatches) 

constraints?

Our approach
! Sufficient statistics Ð based method for efficient RKHS inner product evaluation
  for string kernels

" generalizes computation and improves time-efficiency of many existing string kernel functions

! Previous work: suffix trees (Vishwanathan '02), (sparse) dynamic programming (Rousu '05), 
mismatch trie (Leslie '04)

! This work: new algorithmic approach (sufficient statistics & sorting), improves complexity bounds 
over prior works, orders of magnitude speed-up

! Open questions addressed in this work:
" dependency on |" | for mismatch model
" unified computational framework for string kernels with inexact matching
" efficient computation for large-|" | inputs

Main Contributions
New efficient algorithms based on sufficient statistics for string kernel computations 

Theoretical results
! New algorithmic approach for string kernel computation with inexact matching
! Improve complexity bounds over existing algorithms

Empirical results
! Orders of magnitude speed-up, large datasets (millions of examples, semi-supervised)
! State-of-the-art  results for protein classification

Scalable Algorithms for String Kernels with Inexact Matching
Pavel Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Department of Computer Science, Rutgers University, NJ

Algorithm Overview

I. Mismatch kernel function:

Rewriting (1) we get

This gives a quadratic  algorithm (Hamming distance-based ), does not depend  on |!#$%&'()*)+(,
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-%./)+)01$234$.%$1%+

2.#+/01$2%3+#+13+1/3 4

We use sorting-based counting to compute in linear time  cumulative statistics C
i
 first,

Then derive M
i
 from C

i
 to evaluate the inner product (1)

i.e. we obtain a linear time  algorithm independent  of |!#

10,000x faster for 
          large (|! |=1000) alphabets

Relative running time vs. alphabet size
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0, otherwise
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constant  for given d(a,b)!
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Method / Accuracy Original (5,1) Relaxed (7,3)
Supervised 46.78 52.87
Semi-supervised 70.87 77.51

Original 57.4
Relaxed 64.4

Music genre classification
accuracy (multi-class),  %
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 String kernels
! Kernel functions defined on feature vectors
  computed from strings
! Features:

" substrings (contiguous), 
" subsequences (non-contiguous)
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"   Iteratively remove i positions, sort, and count number of 
matches for (k-i)-mers

" Reduces computation to a series of spectrum kernel 
computations
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Kernel computation with counting sort:

Kernel updates: M2WEW4$U$M2WEW4$X$**:

Algorithm . (Mismatch-SS) Mismatch kernel algorithm based on Sufficient Statistics
Input : strings X, Y,  parameters k,m,
1. Compute min(2m,k) cumulative matching statistics, C

i
, using  counting sort

2. Compute exact matching statistics, M
i

3. Evaluate kernel using :

Output : Mismatch kernel value K(X,Y|k,m)
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Features:      Seq. Index:

Counting sort
Seq. index: 1 2 3
Counts:       1 1 1
Seq. index: 1 3
Counts:       1 1

Seq. index: 2 
Counts:       1

Seq. index: 3 
Counts:       1

...

"  Jointly sort the observed k-mers in N(X) and N(Y)
"  Apply desired kernel evaluation method (eg. spectrum, mismatch, gapped, etc)
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Summary: algorithms for similarity computation in k-
mer models with inexact matching

¥New family of algorithms based on sufÞcient 
statistics and counting sort

¥uniÞed approach

¥improves time complexity and accuracy 
over state-of-the-art algorithms

¥reduces computation to exact k-mer 
spectrum computation
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Empirical evaluation
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Computational advantage
¥Average speed-up in K(X,Y) computation for protein 

sequences

(k,m) Speed-up (Ttrie / TSS)

(5,2) 11

(6,2) 72

(7,2) 125

(7,3) 443

(9,3) 834
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Protein remote 
homology prediction

¥Tasks: infer membership of a protein in the 
target superfamily or fold

Structural classification of proteins (SCOP)

Target superfamily: 1.a.1Target superfamily: 1.a.1Target superfamily: 1.a.1

positive negative

train 1.a.1.1
1.a.1.2

other sf/
folds

test 1.a.1.3 other sf/
folds

Ex: prediction task
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¥Remote homology prediction: average over 
54 superfamily membership problems

kernel 
(k,m)

ROC ROC50

(5,1) 87.75 41.92

(7,3) 91.31 52.00

(9,4) 91.45 53.51

(10,5) 91.60 53.78

kernel ROC ROC50
SCOP

(5,1) 90.93 67.20
(5,2) 91.42 69.35
(7,3) 92.27 73.29

UniProtUniProtUniProt
(5,1) 96.73 81.05
(5,2) 97.05 82.25
(7,3) 97.78 86.32

Supervised setting Semi-Supervised setting
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¥Multi-class protein fold prediction
¥27 fold classes
¥challenge: very low sequence similarity

kernel 
(k,m)

Balanced 
error

F1 
score

SupervisedSupervisedSupervised
(5,1) 51.17 61.68
(7,3) 43.60 65.09

Semi-Supervised (NRDB)Semi-Supervised (NRDB)Semi-Supervised (NRDB)
(5,1) 24.02 80.47

(7,3) 22.49 81.04
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Part II:
Generalized Similarity 

Sequence Models
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Traditional k-mer models
¥ Feature space: indexed by all possible k-mers: sparse embedding 

(spectrum, SSSK), dense embedding (mismatch, proÞle)

¥ Hamming distance-based matching

¥ Drawback: Hamming distance may not reßect true underlying 
similarity/dissimilarity:
¥ ex: different pairs of AA induce different levels of similarity
¥ matching of k-mers should reßect biologically meaningful 

similarity, not only simple character-level differences

      => need more ÒpreciseÓ similarity measures!

1

Biological Sequence ClassiÞcation with
Multivariate String Kernels

Pavel P. Kuksa

Abstract ÑString kernel-based machine learning methods have yielded great success in practical tasks of structured/sequential data
analysis. They often exhibit state-of-the-art performance on many practical tasks of sequence analysis such as biological sequence
classiÞcation, remote homology detection, or protein superfamily and fold prediction. However, typical string kernel methods rely on
analysis of discrete one-dimensional (1D) string data (e.g., DNA or amino acid sequences). In this work we address the multi-class
biological sequence classiÞcation problems using multivariate representations in the form of sequences of features vectors (as in
biological sequence proÞles, or sequences of individual amino acid physico-chemical descriptors) and a class of multivariate string
kernels that exploit these representations. On three protein sequence classiÞcation tasks proposed multivariate representations and
kernels show signiÞcant 15-20% improvements compared to existing state-of-the-art sequence classiÞcation methods.

Index Terms Ñbiological sequence classiÞcation, kernel methods

!

1 INTRODUCTION

Analysis of large-scale sequential data has become an
important task in machine learning and data mining,
inspired in part by numerous scientiÞc and technological
applications such as the biomedical literature analysis
or the analysis of biological sequences. ClassiÞcation of
string data, sequences of discrete symbols, has attracted
particular interest and has led to a number of new
algorithms [1], [2], [3], [4], [5]. These algorithms often
exhibit state-of-the-art performance on tasks such as
protein superfamily and fold prediction [2], [4], [6], [7],
or DNA sequence analysis [8].

A family of state-of-the-art kernel-based approaches
to sequence modeling relies on Þxed length, substring
spectralrepresentations of sequences and the notion of
mismatch kernels, c.f. [2], [3]. There, a sequence is rep-
resented as the spectra (histogram of counts) of all short
substrings (k-mers) contained within a sequence. The
similarity score K (X, Y ) for pair of sequences X and
Y is established by exact or approximate matches of k-
mers contained in X and Y . Initial work, e.g., [3], [9],
has demonstrated that this similarity can be computed
using trie-based approaches in O(km +1 |! |m (|X | + |Y |)) ,
for strings X and Y with symbols from alphabet ! and
up to m mismatches between k-mers. More recently,
[10] introduced linear time algorithms with alphabet-
independent complexity applicable to the computation
of a large class of existing string kernels.

However, typical spectral models (e.g.,
mismatch/spectrum kernels, gapped and wildcard
kernels [6], [3]) essentially rely on symbolic Hamming-
distancebased matching of 1D k-mers contained in the
sequences. For example, given 1D sequencesX and

¥ P. Kuksa is with NEC Laboratories America Inc, Princeton, NJ 08540.
pkuksa@nec-labs.com

Y over alphabet ! (e.g., amino acid sequences with
|! |=20), the spectrum-k kernel [11] and the mismatch-
(k,m) kernel [3] measure similarity between sequences
as

K (X, Y |k, m) =
!

! ! ! k

" k,m (! |X )" k,m (! |Y )

=
!

" ! X

!

# ! Y

!

! ! ! k

I m (" , ! )I m (#, ! ) (1)

where

" k,m (! |X ) =

"
!

" ! X

I m (" , ! )

#

(2)

is the number of occurrences (possibly with up to m
mismatches) of the k-mer ! in X , and I m (" , ! ) = 1 if
" is in the mutational neighborhood Nk,m (! ) of ! , i.e. "
and ! are at the Hamming distance of at most m. One
interpretation of this kernel (Eq. 1) is that of cumulative
Hamming distance-based pairwise comparison of all
k-long substrings " and # contained in sequences X
and Y , respectively. In the case of mismatch kernels
the level of similarity of each pair of substrings (" , #)
is based on the number of identical substrings their
mutational neighborhoods Nk,m (" ) and Nk,m (#) give
rise to,

$
! ! ! k I m (" , ! )I m (#, ! ). For the spectrum kernel,

this similarity is simply the exact matching of " and #.
We note that existing k-mer string kernels essentially

use only 1D discretesequences (e.g., amino acid or nu-
cleotide sequences) and Hamming-based matching.

However, as shown in previous works, using other,
multidimensional, protein sequence representations is cru-
cial in obtaining more accurate and robust predictions.
In part, low sequence identities among distantly related
proteins with similar structures and functions motivated
the use of these other multidimensional amino-acid
physico-chemical representations as physical and chem-
ical properties of protein chains may preserve better

I (! , " ) =
!

1, h(! , " ) ! m
0, otherwise

(1)

1
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General similarity
¥Traditional string kernels: k-mer similarity is 

measured as the number of identical 
substrings in the mismatch neighborhoods 
(i.e. intersection size)

1

Biological Sequence ClassiÞcation with
Multivariate String Kernels

Pavel P. Kuksa

Abstract ÑString kernel-based machine learning methods have yielded great success in practical tasks of structured/sequential data
analysis. They often exhibit state-of-the-art performance on many practical tasks of sequence analysis such as biological sequence
classiÞcation, remote homology detection, or protein superfamily and fold prediction. However, typical string kernel methods rely on
analysis of discrete one-dimensional (1D) string data (e.g., DNA or amino acid sequences). In this work we address the multi-class
biological sequence classiÞcation problems using multivariate representations in the form of sequences of features vectors (as in
biological sequence proÞles, or sequences of individual amino acid physico-chemical descriptors) and a class of multivariate string
kernels that exploit these representations. On three protein sequence classiÞcation tasks proposed multivariate representations and
kernels show signiÞcant 15-20% improvements compared to existing state-of-the-art sequence classiÞcation methods.

Index Terms Ñbiological sequence classiÞcation, kernel methods

!

1 INTRODUCTION

Analysis of large-scale sequential data has become an
important task in machine learning and data mining,
inspired in part by numerous scientiÞc and technological
applications such as the biomedical literature analysis
or the analysis of biological sequences. ClassiÞcation of
string data, sequences of discrete symbols, has attracted
particular interest and has led to a number of new
algorithms [1], [2], [3], [4], [5]. These algorithms often
exhibit state-of-the-art performance on tasks such as
protein superfamily and fold prediction [2], [4], [6], [7],
or DNA sequence analysis [8].

A family of state-of-the-art kernel-based approaches
to sequence modeling relies on Þxed length, substring
spectralrepresentations of sequences and the notion of
mismatch kernels, c.f. [2], [3]. There, a sequence is rep-
resented as the spectra (histogram of counts) of all short
substrings (k-mers) contained within a sequence. The
similarity score K (X , Y) for pair of sequences X and
Y is established by exact or approximate matches of k-
mers contained in X and Y . Initial work, e.g., [3], [9],
has demonstrated that this similarity can be computed
using trie-based approaches in O(km +1 |! |m (|X | + |Y |)) ,
for strings X and Y with symbols from alphabet ! and
up to m mismatches between k-mers. More recently,
[10] introduced linear time algorithms with alphabet-
independent complexity applicable to the computation
of a large class of existing string kernels.

However, typical spectral models (e.g.,
mismatch/spectrum kernels, gapped and wildcard
kernels [6], [3]) essentially rely on sy m b o li c H am m i ng-
di stancebased matching of 1D k-mers contained in the
sequences. For example, given 1D sequencesX and

¥ P . K u k sa i s w i th N E C L ab o rato ri es A m eri ca I nc, P ri nceto n, N J 0 8 5 4 0 .
pk u k sa@ nec- lab s. co m

Y over alphabet ! (e.g., amino acid sequences with
|! |=20), the spectru m-k kernel [11] and the m i sm atch-
(k,m) kernel [3] measure similarity between sequences
as

K (X , Y|k , m) =
!

! ! ! k

" k,m (! |X )" k,m (! |Y )

=
!

" ! X

!

# ! Y

!

! ! ! k

I m (" , ! )I m (#, ! ) (1)

where

" k,m (! |X ) =

"
!

" ! X

I m (" , ! )

#

(2)

is the number of occurrences (possibly with up to m
mismatches) of the k-mer ! in X , and I m (" , ! ) = 1 if
" is in the mutational neighborhood Nk,m (! ) of ! , i.e. "
and ! are at the Hamming distance of at most m. One
interpretation of this kernel (Eq. 1) is that of cumulative
Hamming distance-based pairwise comparison of all
k-long substrings " and # contained in sequences X
and Y , respectively. In the case of mismatch kernels
the level of similarity of each pair of substrings (" , #)
is based on the number of identical substrings their
mutational neighborhoods Nk,m (" ) and Nk,m (#) give
rise to,

$
! ! ! k I m (" , ! )I m (#, ! ). For the spectrum kernel,

this similarity is simply the exact matching of " and #.
We note that existing k-mer string kernels essentially

use only 1 D di scretesequences (e.g., amino acid or nu-
cleotide sequences) and Hamming-based matching.

However, as shown in previous works, using other,
m u lti di m ensi o nal, protein sequence representations is cru-
cial in obtaining more accurate and robust predictions.
In part, low sequence identities among distantly related
proteins with similar structures and functions motivated
the use of these other multidimensional amino-acid
physico-chemical representations as physical and chem-
ical properties of protein chains may preserve better

N(a,m) N(b,m)

intersection size

How to deÞne more ÒpreciseÓ and meaningful similarity?
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General Similarity 
functions

¥Idea: replace intersection size-based similarity 
with metric similarity function 

¥General similarity kernel function

¥Complexity in general becomes quadratic!

¥ This is not a proper kernel!

The algorithm complexity depends on the size of! since
during a trie traversal, possible substitutions are drawn
from ! explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatchesm, as well as|! |.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use onlysymbolicHamming-
distance based matching, which may not necessarily re-
ßect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I (! , " ), of two k-mers ! and
" is independent of the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reßected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabet-independentcomplex-
ity for Hamming-distance based matching. This enables
e" cient computation of a wide class of existing string
kernels for datasets with large|! |. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e" cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e#ective improvements in practice
for a number of challenging classiÞcation problems (Sec-
tion 6).

� � � ����� � �� ��� ���� �� � � �� ���� � �� �������
� ��� ���

In this section we will Þrst discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequenceX over the alphabet ! the
spectrum-k kernel [13] and the mismatch(k,m) ker-
nel [14] induce the following|! |k -dimensional represen-

tation for the sequenceX considered as a set ofk-mers:

(3.3) $ k ,m (#|X ) =

!
"

! ! X

I m (! , #)

#

" ! ! k

where I m (! , #) = 1 if ! ! Nk,m (#), and Nk,m (#) is the
mutational neighborhood, the set of all k-mers that dif-
fer from # by at most m mismatches. Note that, by
deÞnition, for spectrum-k kernels, m = 0. E #ectively,
these are thebag-of-substringsrepresentations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequenceX .

The spectrum/mismatch kernel is then deÞned as

K (X, Y |k, m) =
"

" ! ! k

$ k ,m (#|X )$ k,m (#|Y )

=
"

! ! X

"

# ! Y

"

" ! ! k

I m (! , #)I m (" , #)(3.4)

One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
! and " contained in sequencesX and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (! , " ) is based
on the number of identical substrings their muta-
tional neighborhoodsNk,m (! ) and Nk,m (" ) give rise to,$

" ! ! k I m (! , #)I m (" , #). For the spectrum kernel, this
similarity is simply the exact matching of ! and " .

One can generalize this and allow an arbitrary met-
ric similarity function S(! , " ) to replace the Hamming
similarity

$
" ! ! k I m (! , #)I m (" , #) " S(! , " ) and ob-

tain general similarity kernel:

(3.5) K (X, Y |k, S) =
"

! ! X

"

# ! Y

S(! , " ).

Such similarity function can go signiÞcantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomesquadratic in their lengths, O(|X | á |Y |). On the
other hand, mismatch type of representations can be
e" ciently evaluated in O(ck,m (|X |+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K (X, Y |k, S) for arbitrary
similarity metric S(á, á).

Our goal here is to approach the above process Òin
reverseÓ: start with a general similarity metric S and
replace it with an approximate, but computationally
e" cient, Hamming-type computation. In the following
we consider two approaches for incorporatingS(á, á) into
sequence matching that preservelinear time complexity

The algorithm complexity depends on the size of! since
during a trie traversal, possible substitutions are drawn
from ! explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatchesm, as well as|! |.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use onlysymbolicHamming-
distance based matching, which may not necessarily re-
ßect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I (! , " ), of two k-mers ! and
" is ind e pe nd e ntof the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reßected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabe t - ind e pe nd e ntcomplex-
ity for Hamming-distance based matching. This enables
e" cient computation of a wide class of existing string
kernels for datasets with large|! |. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e" cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e#ective improvements in practice
for a number of challenging classiÞcation problems (Sec-
tion 6).

3 Spectrum/Mismatch and General Similarity
Kernels

In this section we will Þrst discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequenceX over the alphabet ! the
spe ct r u m- kkernel [13] and the mismat ch( k , m)ker-
nel [14] induce the following|! |k -dimensional represen-

tation for the sequenceX considered as a set ofk-mers:

(3.3) $ k,m (#|X ) =

 
X

↵2X

I m (! , #)

!

�2⌃

k

where I m (! , #) = 1 if ! 2 Nk,m (#), and Nk,m (#) is the
mu t at ional ne ig hbor hood, the set of all k-mers that dif-
fer from # by at most m mismatches. Note that, by
deÞnition, for spectrum-k kernels, m = 0. E #ectively,
these are thebag - of - su bst r ing srepresentations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequenceX .

The spectrum/mismatch kernel is then deÞned as

K (X, Y |k, m) =
X

�2⌃

k

$ k,m (#|X )$ k,m (#|Y )

=
X

↵2X

X

�2Y

X

�2⌃

k

I m (! , #)I m (" , #)(3.4)

One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
! and " contained in sequencesX and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (! , " ) is based
on the number of identical substrings their muta-
tional neighborhoodsNk,m (! ) and Nk,m (" ) give rise to,P

�2⌃

k I m (! , #)I m (" , #). For the spectrum kernel, this
similarity is simply the exact matching of ! and " .

One can generalize this and allow an arbitrary met-
ric similarity function S(! , " ) to replace the Hamming
similarity

P
�2⌃

k I m (! , #)I m (" , #) ! S(! , " ) and ob-
tain general similarity kernel:

(3.5) K (X, Y |k, S) =
X

↵2X

X

�2Y

S(! , " ).

Such similarity function can go signiÞcantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomesq u ad r at icin their lengths, O(|X | á |Y |). On the
other hand, mismatch type of representations can be
e" ciently evaluated in O(ck,m (|X |+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K (X, Y |k, S) for arbitrary
similarity metric S(á, á).

Our goal here is to approach the above process Òin
reverseÓ: start with a general similarity metric S and
replace it with an approximate, but computationally
e" cient, Hamming-type computation. In the following
we consider two approaches for incorporatingS(á, á) into
sequence matching that preserveline ar t imecomplexity

=> How to (1) incorporate general metric S and  
(2) preserve linear time complexity?
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Idea: Similarity-preserving 
embedding

1. Learn binary symbolic embedding E for which 
Hamming distance accurately approximates S

                  h(E(a),E(b)) ~ S(a,b)

2. Use Hamming-type computation to efÞciently 
evaluate kernel               in linear time

5 Similarity/distance-preserving Symbolic
Embedding Kernels
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The algorithm complexity depends on the size of! since
during a trie traversal, possible substitutions are drawn
from ! explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatchesm, as well as|! |.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use onlysymbolicHamming-
distance based matching, which may not necessarily re-
ßect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I (! , " ), of two k-mers ! and
" is independent of the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reßected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabet-independentcomplex-
ity for Hamming-distance based matching. This enables
e" cient computation of a wide class of existing string
kernels for datasets with large|! |. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e" cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e#ective improvements in practice
for a number of challenging classiÞcation problems (Sec-
tion 6).
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In this section we will Þrst discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequenceX over the alphabet ! the
spectrum-k kernel [13] and the mismatch(k,m) ker-
nel [14] induce the following|! |k -dimensional represen-

tation for the sequenceX considered as a set ofk-mers:
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" ! ! k

where I m (! , #) = 1 if ! ! Nk,m (#), and Nk,m (#) is the
mutational neighborhood, the set of all k-mers that dif-
fer from # by at most m mismatches. Note that, by
deÞnition, for spectrum-k kernels, m = 0. E #ectively,
these are thebag-of-substringsrepresentations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequenceX .

The spectrum/mismatch kernel is then deÞned as

K (X, Y |k, m) =
"
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One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
! and " contained in sequencesX and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (! , " ) is based
on the number of identical substrings their muta-
tional neighborhoodsNk,m (! ) and Nk,m (" ) give rise to,$

" ! ! k I m (! , #)I m (" , #). For the spectrum kernel, this
similarity is simply the exact matching of ! and " .

One can generalize this and allow an arbitrary met-
ric similarity function S(! , " ) to replace the Hamming
similarity

$
" ! ! k I m (! , #)I m (" , #) " S(! , " ) and ob-

tain general similarity kernel:

(3.5) K (X, Y |k, S) =
"

! ! X

"

# ! Y

S(! , " ).

Such similarity function can go signiÞcantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomesquadratic in their lengths, O(|X | á |Y |). On the
other hand, mismatch type of representations can be
e" ciently evaluated in O(ck,m (|X |+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K (X, Y |k, S) for arbitrary
similarity metric S(á, á).

Our goal here is to approach the above process Òin
reverseÓ: start with a general similarity metric S and
replace it with an approximate, but computationally
e" cient, Hamming-type computation. In the following
we consider two approaches for incorporatingS(á, á) into
sequence matching that preservelinear time complexity
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5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a fixed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(·, ·). For a given scoring
function S(↵,�) that reflects the semantic similarity be-
tween sequence elements, a string kernel can then be
defined as in Eq.3.5.

That definition, however, results in quadratic com-
putation O(|X| · |Y |) complexity. We will now define
a computationally more e�cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(·, ·). This will
allow us to develop a linear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embedding E(·) for which the Hamming simi-
larity could approximate S(·, ·), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e�ciently evaluate the similarity kernel
K(X,Y |S).

To learn a symbolic embedding that approximates
S(·, ·), a similarity hashing-based approach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E(X) = E(x
1

), ..., E(xn)

for a given input sequence X = x
1

, ..., xn of R-
dimensional feature vectors, where E(xi) = ei

1

ei
2

. . . eiB
is a symbolic Hamming embedding for item xi in X,
with |E(xi)| = B, the number of bits in a resulting
binary embedding of xi. Under this embedding, the
Hamming similarity, h↵,� , between two feature embed-
dings E(↵) and E(�) is proportional to the original sim-
ilarity score S(↵,�). The kernel evaluation K(X,Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K 0(E(X), E(Y )) (e.g., spectrum or mis-
match) over embedded sequences E(X), E(Y ). For a
typical length of a Hamming embedding (e.g., B=64),
computing the k-mer mismatch kernel may be di�-
cult due to very large equivalent values of k0 = k · B,
m0 = m · B since the complexity of the best string ker-
nel algorithms depends as O(km) on the values of k, and
m. To solve this problem, in what follows we develop
a very e↵ective approximation of the mismatch kernel
that allows e�cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB,mB)-mismatch problem, we will show that a col-
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Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M(·) is
used to obtain sequence X of R-dim. feature vectors
that are then embedded into B-bit vectors to obtain
E(X). Feature map �(E(X)) yields B⇥ 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e�cient inexact matching
for even high-dimensional embeddings, E.

For a given sequence set D, where each X 2 D
is a sequence of R-dimensional feature vector, let E =
{E(X) : X 2 D}. In the following, we describe a kernel
measure, Kk(E(X), E(Y )), for computing similarity
between two Hamming embeddings E(X), E(Y ) of the
original sequences X and Y . To do this we note that
our binary embedding of each sequence X results in this
sequence being represented as a B⇥ |X| binary matrix,
with each column l being the binary embedding of the l-
th element xl. The rationale for the choice of Kk below
will be discussed in detail in Sec. 5.3.

To compare two embeddings E(X) and E(Y ) (i.e.,
two binary matrices of size B⇥ |X|, B⇥ |Y |), we define
a feature map �k, from E into a B ⇥ 2k dimensional

5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a fixed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(·, ·). For a given scoring
function S(↵,�) that reflects the semantic similarity be-
tween sequence elements, a string kernel can then be
defined as in Eq.3.5.

That definition, however, results in quadratic com-
putation O(|X| · |Y |) complexity. We will now define
a computationally more e�cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(·, ·). This will
allow us to develop a linear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embedding E(·) for which the Hamming simi-
larity could approximate S(·, ·), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e�ciently evaluate the similarity kernel
K(X,Y |S).

To learn a symbolic embedding that approximates
S(·, ·), a similarity hashing-based approach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E(X) = E(x
1

), ..., E(xn)

for a given input sequence X = x
1

, ..., xn of R-
dimensional feature vectors, where E(xi) = ei

1

ei
2

. . . eiB
is a symbolic Hamming embedding for item xi in X,
with |E(xi)| = B, the number of bits in a resulting
binary embedding of xi. Under this embedding, the
Hamming similarity, h! ," , between two feature embed-
dings E(↵) and E(�) is proportional to the original sim-
ilarity score S(↵,�). The kernel evaluation K(X,Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K !(E(X), E(Y )) (e.g., spectrum or mis-
match) over embedded sequences E(X), E(Y ). For a
typical length of a Hamming embedding (e.g., B=64),
computing the k-mer mismatch kernel may be di�-
cult due to very large equivalent values of k! = k · B,
m! = m · B since the complexity of the best string ker-
nel algorithms depends as O(km) on the values of k, and
m. To solve this problem, in what follows we develop
a very e↵ective approximation of the mismatch kernel
that allows e�cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB,mB)-mismatch problem, we will show that a col-

...

0. 21

0 . 19

0 . 05

V Q A . . . . . . T

. . . . . .R ...

0. 06

0 . 09

0 . 10

...

0. 30

0 . 03

0 . 15

...

1

1

0

...

1

0

1
B ...

0

1

0

! 1! 2 ! 2k

. . . . . .

. . . . . .

M ()

Input
Sequence

E()

. . .1 4 0. . .0 2 3

! 1! 2 ! 2k

b = 1 b = B

! ()

Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M(·) is
used to obtain sequence X of R-dim. feature vectors
that are then embedded into B-bit vectors to obtain
E(X). Feature map �(E(X)) yields B ! 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e�cient inexact matching
for even high-dimensional embeddings, E.

For a given sequence set D, where each X " D
is a sequence of R-dimensional feature vector, let E =
{E(X) : X " D}. In the following, we describe a kernel
measure, Kk(E(X), E(Y )), for computing similarity
between two Hamming embeddings E(X), E(Y ) of the
original sequences X and Y . To do this we note that
our binary embedding of each sequence X results in this
sequence being represented as a B ! |X| binary matrix,
with each column l being the binary embedding of the l-
th element xl. The rationale for the choice of Kk below
will be discussed in detail in Sec. 5.3.

To compare two embeddings E(X) and E(Y ) (i.e.,
two binary matrices of size B ! |X|, B ! |Y |), we define
a feature map �k, from E into a B ! 2k dimensional

5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a fixed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(·, ·). For a given scoring
function S(α,β) that reflects the semantic similarity be-
tween sequence elements, a string kernel can then be
defined as in Eq.3.5.

That definition, however, results in quadratic com-
putation O(|X | · |Y |) complexity. We will now define
a computationally more e� cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(·, ·). This will
allow us to develop a linear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embedding E (·) for which the Hamming simi-
larity could approximate S(·, ·), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e� ciently evaluate the similarity kernel
K (X , Y |S).

To learn a symbolic embedding that approximates
S(·, ·), a similarity hashing-based approach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E (X ) = E (x1), ..., E (xn )

for a given input sequence X = x1, ..., xn of R-
dimensional feature vectors, where E (xi ) = ei

1ei
2 . . . ei

B
is a symbolic Hamming embedding for item xi in X ,
with |E (xi )| = B , the number of bits in a resulting
binary embedding of xi . Under this embedding, the
Hamming similarity, h! ," , between two feature embed-
dings E (α) and E (β) is proportional to the original sim-
ilarity score S(α,β). The kernel evaluation K (X , Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K !(E (X ), E (Y )) (e.g., spectrum or mis-
match) over embedded sequences E (X ), E (Y ). For a
typical length of a Hamming embedding (e.g., B=64),
computing the k-mer mismatch kernel may be di� -
cult due to very large equivalent values of k! = k · B ,
m! = m · B since the complexity of the best string ker-
nel algorithms depends as O(km ) on the values of k, and
m. To solve this problem, in what follows we develop
a very e�ective approximation of the mismatch kernel
that allows e� cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB ,mB )-mismatch problem, we will show that a col-

...

0. 21

0 . 19

0 . 05

V Q A . . . . . . T

. . . . . .R ...

0. 06

0 . 09

0 . 10

...

0. 30

0 . 03

0 . 15

...

1

1

0

...

1

0

1
B ...

0

1

0

! 1! 2 ! 2k

. . . . . .

. . . . . .

M ()

Input
Sequence

E()

. . .1 4 0. . .0 2 3

! 1! 2 ! 2k

b = 1 b = B

! ()

Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M (·) is
used to obtain sequence X of R-dim. feature vectors
that are then embedded into B -bit vectors to obtain
E (X ). Feature map Φ(E (X )) yields B ! 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.
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for even high-dimensional embeddings, E .

For a given sequence set D, where each X " D
is a sequence of R-dimensional feature vector, let E =
{E (X ) : X " D}. In the following, we describe a kernel
measure, K k (E (X ), E (Y )), for computing similarity
between two Hamming embeddings E (X ), E (Y ) of the
original sequences X and Y . To do this we note that
our binary embedding of each sequence X results in this
sequence being represented as a B ! |X | binary matrix,
with each column l being the binary embedding of the l-
th element xl . The rationale for the choice of K k below
will be discussed in detail in Sec. 5.3.

To compare two embeddings E (X ) and E (Y ) (i.e.,
two binary matrices of size B ! |X |, B ! |Y |), we define
a feature map Φk , from E into a B ! 2k dimensional
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ing biological problems, including protein remote ho-
mology detection, protein structural class classification,
and protein binding prediction.

3 MULTIVARIATE DISCRETE SEQUENCE
METHOD
In a typical setting, string kernels are applied to 1D
(univariate) string data, such as amino acid sequences
or DNA sequences. In this work we consider alternative
multivariate representations for sequences (Fig. 1a) as se-
quences of R-dim feature vectors (e.g., sequences of amino-
acid descriptor vectors, or amino-acid sequence profiles).
In particular, given as input description of biological
sequences in the form of sequences of (real-valued)
identically sized amino-acid feature vectors, we consider
the following two discrete multivariate representations:
1) Symbolic embedding. Encoding original real-valued R-

dim feature vectors in discrete (binary) E-dim space
using, e.g., similarity hashing approach [26] (Fig-
ure 1a; left subfigure);

2) Direct feature quantization. Directly quantizing each
feature using, for example, uniform binning (Fig-
ure 1a; right subfigure), i.e. representing original (real-
valued) R⇥ |X| feature sequence as R⇥ |X| discrete
sequence.

In both approaches, the (real-valued) multivariate (R⇥
|X|) feature sequence X is re-represented as E ⇥ |X|
or |R|⇥ |X| multivariate (2D) discrete feature sequence.
Figure 2 illustrates these representations for a given
sequence X=’SLFEQLGV’. In this figure, a 20-dim multi-
variate representation for original 1D sequence of amino
acids is obtained by replacing each individual amino
acid with a 20-dim vector of substitution BLOSUM62
scores which are then either directly discretized (Fig. 2a)
or transformed into binary vectors using symbolic Ham-
ming embedding (Fig. 2b). Resulting multivariate repre-
sentations reflect underlying similarities among amino
acids more accurately compared to symbolic 1D Ham-
ming similarities.

We will show in the experiments that using these
discrete multivariate representations can significantly (by
15-20%) improve predictive accuracy compared to tradi-
tional 1D (univariate) kernel representations as well as
other state-of-the-art approaches (Sec. 4).

In the following, we will discuss these proposed rep-
resentation approaches in detail.

3.1 Direct feature quantization
In this approach, each feature f j , j = 1 . . . R is quantized
by dividing its range (f j

min

, f j

max

) into a finite number
of intervals. In the simplest case, the intervals can be
defined, for instance, using uniform quantization, where
the entire feature data range is divided into B equal
intervals of length δ = (f

max

� f
min

)/B and the index
of quantized feature value Q(f ) = (f � f

min

)/δ is used
to represent the feature value f . Partitioning the feature

data range could also be obtained by using 1D clustering,
e.g. k-means, to adaptively choose dicretization levels.

In the experiments (Sec. 4) we use this approach with
20 ⇥ |X| sequence profiles obtained from PSI-BLAST
and 20⇥ |X| BLOSUM substitution profiles, and show
how using these multivariate representations with mul-
tivariate similarity kernels (Sec. 3.3) can improve the
predictive ability of classifiers on a number of protein
sequence classification tasks.

3.2 Discrete (symbolic) Embedding
Given multivariate input sequence X = x1, . . . , xn

of R-
dim feature vectors, each R-dim vector can be mapped
into discrete feature vectors using symbolic embedding
E(·) as in, for example, similarity hashing [26]. Using
similarity hashing, input sequence X = x1, ..., xn

of R-
dimensional feature vectors, x

i

2 RR 8i, is mapped
intro a binary Hamming-space embedded sequence

E(X) = E(x1), ..., E(xn

),

where E(x
i

) = ei1e
i

2 . . . e
i

B

is a symbolic Hamming
embedding for item x

i

in X , with |E(x
i

)| = B, the
number of bits in a resulting binary embedding of x

i

.
This embedding as proposed in [26] essentially aims
to minimize average Hamming distance between binary
embeddings corresponding to similar R-dim data points:

min
X

↵,�

S(α,β)h(E(α), E(β))2 (4)

where S(α,β) is the similarity between data points α
and β in the original R-dim space and h(E(α), E(β)) is
the Hamming distance between binary vectors E(α) and
E(β) in the Hamming embedded space.

The solution (set of embedding binary vectors E(·)
that minimize the embedding objective in Eq. 4) can be
obtained by solving the eigenvalue problem as shown
in [26] and thresholding eigenfunctions to obtain binary
codes.

Under this binary Hamming embedding, the Ham-
ming similarity, h(E(α), E(β), between two B-dim fea-
ture embeddings E(α) and E(β) is proportional to the
original similarity score S(α,β) between R-dim vectors
α and β, i.e.

h(E(α), E(β)) / S(α,β). (5)

Using this Hamming embedding approach, original
R⇥ |X| (real-valued) feature sequence X is represented
as E ⇥ |X| binary feature sequence, which can then be
used with the string kernel method.

3.3 Multivariate similarity kernels
We now introduce efficient multivariate similarity kernels
for the discrete multivariate sequence representations
defined in Sec. 3.

The input sequences X and Y are sequences of identi-
cally sized (e.g., discrete R-dim or binary B-dim) amino-
acid feature vectors (see Fig. 2). Similarity evaluation

Similarity hashing:

3

ing biological problems, including protein remote ho-
mology detection, protein structural class classification,
and protein binding prediction.

3 MULTIVARIATE DISCRETE SEQUENCE
METHOD
In a typical setting, string kernels are applied to 1D
(univariate) string data, such as amino acid sequences
or DNA sequences. In this work we consider alternative
multivariate representations for sequences (Fig. 1a) as se-
quences of R-dim feature vectors (e.g., sequences of amino-
acid descriptor vectors, or amino-acid sequence profiles).
In particular, given as input description of biological
sequences in the form of sequences of (real-valued)
identically sized amino-acid feature vectors, we consider
the following two discrete multivariate representations:
1) Symbolic embedding. Encoding original real-valued R-

dim feature vectors in discrete (binary) E-dim space
using, e.g., similarity hashing approach [26] (Fig-
ure 1a; left subfigure);

2) Direct feature quantization. Directly quantizing each
feature using, for example, uniform binning (Fig-
ure 1a; right subfigure), i.e. representing original (real-
valued) R⇥ |X| feature sequence as R⇥ |X| discrete
sequence.

In both approaches, the (real-valued) multivariate (R⇥
|X|) feature sequence X is re-represented as E ⇥ |X|
or |R|⇥ |X| multivariate (2D) discrete feature sequence.
Figure 2 illustrates these representations for a given
sequence X=’SLFEQLGV’. In this figure, a 20-dim multi-
variate representation for original 1D sequence of amino
acids is obtained by replacing each individual amino
acid with a 20-dim vector of substitution BLOSUM62
scores which are then either directly discretized (Fig. 2a)
or transformed into binary vectors using symbolic Ham-
ming embedding (Fig. 2b). Resulting multivariate repre-
sentations reflect underlying similarities among amino
acids more accurately compared to symbolic 1D Ham-
ming similarities.

We will show in the experiments that using these
discrete multivariate representations can significantly (by
15-20%) improve predictive accuracy compared to tradi-
tional 1D (univariate) kernel representations as well as
other state-of-the-art approaches (Sec. 4).

In the following, we will discuss these proposed rep-
resentation approaches in detail.

3.1 Direct feature quantization
In this approach, each feature f j , j = 1 . . . R is quantized
by dividing its range (f j

min

, f j

max

) into a finite number
of intervals. In the simplest case, the intervals can be
defined, for instance, using uniform quantization, where
the entire feature data range is divided into B equal
intervals of length � = (f

max

� f
min

)/B and the index
of quantized feature value Q(f) = (f � f

min

)/� is used
to represent the feature value f . Partitioning the feature

data range could also be obtained by using 1D clustering,
e.g. k-means, to adaptively choose dicretization levels.

In the experiments (Sec. 4) we use this approach with
20 ⇥ |X| sequence profiles obtained from PSI-BLAST
and 20 ⇥ |X| BLOSUM substitution profiles, and show
how using these multivariate representations with mul-
tivariate similarity kernels (Sec. 3.3) can improve the
predictive ability of classifiers on a number of protein
sequence classification tasks.

3.2 Discrete (symbolic) Embedding
Given multivariate input sequence X = x1, . . . , xn

of R-
dim feature vectors, each R-dim vector can be mapped
into discrete feature vectors using symbolic embedding
E(·) as in, for example, similarity hashing [26]. Using
similarity hashing, input sequence X = x1, ..., xn

of R-
dimensional feature vectors, x

i

2 RR 8i, is mapped
intro a binary Hamming-space embedded sequence

E(X) = E(x1), ..., E(x
n

),

where E(x
i

) = ei1e
i

2 . . . e
i

B

is a symbolic Hamming
embedding for item x

i

in X , with |E(x
i

)| = B, the
number of bits in a resulting binary embedding of x

i

.
This embedding as proposed in [26] essentially aims
to minimize average Hamming distance between binary
embeddings corresponding to similar R-dim data points:

min

X

↵,�

S(↵,�)h(E(↵), E(�))2 (4)

where S(↵,�) is the similarity between data points ↵
and � in the original R-dim space and h(E(↵), E(�)) is
the Hamming distance between binary vectors E(↵) and
E(�) in the Hamming embedded space.

The solution (set of embedding binary vectors E(·)
that minimize the embedding objective in Eq. 4) can be
obtained by solving the eigenvalue problem as shown
in [26] and thresholding eigenfunctions to obtain binary
codes.

Under this binary Hamming embedding, the Ham-
ming similarity, h(E(↵), E(�), between two B-dim fea-
ture embeddings E(↵) and E(�) is proportional to the
original similarity score S(↵,�) between R-dim vectors
↵ and �, i.e.

h(E(↵), E(�)) / S(↵,�). (5)

Using this Hamming embedding approach, original
R⇥ |X| (real-valued) feature sequence X is represented
as E ⇥ |X| binary feature sequence, which can then be
used with the string kernel method.

3.3 Multivariate similarity kernels
We now introduce efficient multivariate similarity kernels
for the discrete multivariate sequence representations
defined in Sec. 3.

The input sequences X and Y are sequences of identi-
cally sized (e.g., discrete R-dim or binary B-dim) amino-
acid feature vectors (see Fig. 2). Similarity evaluation

s.t. 

Idea: minimize average 
Hamming distance h(E(a),E(b)) 
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! (x = ( x1, x2)) = [ x2
1, x2

2,
!

2x1x2,
!

2cx1,
!

2cx2, c]

K (x, y) = exp("
||x " y||2

! 2 )

f (x) = wT " (x) > 0, x # X + (1)

f (x) = wT " (x) < 0, x # X ! (2)

w =
!

#i á" (xi ) (3)

f (x) =
!

i

#i " (x)T " (xi ) =
!

i

#i k(x, x i ) (4)

I S (#, $) =
"

1, if L (#) = L($)
0, otherwise

(5)

E(#) # { " 1, 1} B

1

! (x = ( x1, x2)) = [ x2
1, x2

2,
!

2x1x2,
!

2cx1,
!

2cx2, c]

K (x, y) = exp("
||x " y||2

! 2 )

f (x) = wT " (x) > 0, x # X + (1)

f (x) = wT " (x) < 0, x # X ! (2)

w =
!

#i á" (xi ) (3)

f (x) =
!

i

#i " (x)T " (xi ) =
!

i

#i k(x, x i ) (4)

I S (#, $) =
"

1, if L (#) = L($)
0, otherwise

(5)

E(#) # { " 1, 1} B

ei
j # { 0, 1}

1

Wednesday, November 13, 13



Similarity-preserving 
embedding

5 Similarity/distance-preserving Symbolic
Embedding Kernels

While the abstraction/clustering-based kernel described
in previous sections essentially uses a fixed partition
over features, one may wish to retain the actual dis-
tance/score as given by S(·, ·). For a given scoring
function S(! , " ) that reflects the semantic similarity be-
tween sequence elements, a string kernel can then be
defined as in Eq.3.5.

That definition, however, results in quadratic com-
putation O(|X| · |Y |) complexity. We will now define
a computationally more e! cient string kernel based on
symbolic sequence embeddings for which Hamming (0-
1) similarity accurately approximates S(·, ·). This will
allow us to develop a linear time algorithm for comput-
ing string kernels with general similarity metrics.

The main idea of our approach is to (1) learn a
symbolic embedding E(·) for which the Hamming simi-
larity could approximate S(·, ·), (2) use Hamming-type
matching (linear time) algorithms over the symbolic
embedding to e! ciently evaluate the similarity kernel
K(X,Y |S).

To learn a symbolic embedding that approximates
S(·, ·), a similarity hashing-basedapproach, as in, for
instance [21], could be applied to sequence features (e.g.,
k-mers or individual sequence elements) to obtain a
binary Hamming-space embedded sequence

E(X) = E(x1), ..., E(xn )

for a given input sequence X = x1, ..., xn of R-
dimensional feature vectors, where E(xi ) = ei

1e
i
2 . . . e

i
B

is a symbolic Hamming embedding for item xi in X,
with |E(xi )| = B, the number of bits in a resulting
binary embedding of xi . Under this embedding, the
Hamming similarity, h! ," , between two feature embed-
dings E(! ) and E(" ) is proportional to the original sim-
ilarity score S(! , " ). The kernel evaluation K(X,Y |S)
(Eq. 3.5) then reduces to computing Hamming-type
string kernels K !(E(X), E(Y )) (e.g., spectrum or mis-
match) over embedded sequences E(X), E(Y ). For a
typical length of a Hamming embedding (e.g., B=64),
computing the k-mer mismatch kernel may be di! -
cult due to very large equivalent values of k! = k · B,
m! = m · B since the complexity of the best string ker-
nel algorithms depends as O(km ) on the values of k, and
m. To solve this problem, in what follows we develop
a very e" ective approximation of the mismatch kernel
that allows e! cient inexact matching between embed-
ded sequences.

5.1 Approximate Mismatch Kernel for Sym-
bolic Hamming Embeddings Instead of solving a
(kB,mB)-mismatch problem, we will show that a col-
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Figure 2: Symbolic embedding for similarity evaluation.
For discrete inputs, discrete-to-real mapping M(·) is
used to obtain sequence X of R-dim. feature vectors
that are then embedded into B-bit vectors to obtain
E(X). Feature map # (E(X)) yields B ! 2k representa-
tion of the original sequence that is used for similarity
evaluation. For real-valued inputs, the M-step is not
used.

lection of B simpler (k,m)-mismatch problems could be
solved. This will allow a very e! cient inexact matching
for even high-dimensional embeddings, E.

For a given sequence set D, where each X " D
is a sequence of R-dimensional feature vector, let E =
{E(X) : X " D}. In the following, we describe a kernel
measure, Kk (E(X), E(Y )), for computing similarity
between two Hamming embeddings E(X), E(Y ) of the
original sequences X and Y . To do this we note that
our binary embedding of each sequence X results in this
sequence being represented as a B ! |X| binary matrix,
with each column l being the binary embedding of the l-
th element xl . The rationale for the choice of Kk below
will be discussed in detail in Sec. 5.3.

To compare two embeddings E(X) and E(Y ) (i.e.,
two binary matrices of size B ! |X|, B ! |Y |), we define
a feature map # k , from E into a B ! 2k dimensional

¥ separate 2k feature map for each dimension b=1...B
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where s!" is the number of identical rows in ! and " ,
and ! [b] denotesbth row of ! .

It is easy to see that we have the following rela-
tionship between s!" , the number of of identical rows
between! and " , and h!" , the hamming similarity be-
tween ! and "

(5.15) max{h!" ! (k ! 1)B, 0} " s!" "
h!"

k
Using the above relationship betweens!" and h!" , we
observe that the kernel value in Eq. 5.11 is related to
the total Hamming similarity H (E(X ), E (Y )), between
embeddingsE(X ) and E(Y ) as
(5.16)

max { H(E(X) ,E(Y )) ! öB,0} " K(E(X) ,E(Y )) " H ( E ( X ) ,E ( Y ))
k

where öB =
!

! # E(X)

!
" # E(Y ) (k ! 1)B (note that öB

is bounded above by |X ||Y |kB ). By the similarity
preserving property of E , H (E(Y ), E (Y )) # S(X, Y ).
This together with the above bounds implies that the
kernel value in Eq. 5.11 can be used to e! ciently
evaluate similarity kernel K (X, Y |S) in Eq. 3.5.

6 Evaluation

We study the performance of our algorithms, in terms
of predictive accuracy, on standard benchmark datasets
for protein sequence analysis and music genre classiÞca-
tion.

Datasets and experimental setup. We use four stan-
dard benchmark datasets to compare with previously
published results: the SCOP dataset (7329 sequences
with 2862 labeled) [22] for remote protein homology
detection, the Ding-Dubchak dataset [2] (27 folds, 694
sequences) [5, 16] for protein fold recognition, multi-
class remote fold recognition dataset [16], and music
genre data [1] (10 classes, 1000 sequences consisting
of 13-dim. MFCC feature vectors) [15] for multi-class
genre prediction. For protein sequence classiÞcation
under the semi-supervised setting, we also use the
Swiss-Prot dataset, a collection of about 100K protein
sequences, as an unlabeled dataset, following the setup
of [11]. For remote protein homology experiments, we
follow standard experimental setup used in previous
studies [22] and evaluate average classiÞcation perfor-
mance on 54 remote homology problems. For music
genre classiÞcation we use 5-fold cross-validation error
to evaluate classiÞcation performance. For multi-class
fold prediction, we use standard data splits as de-
scribed in [5, 16]. All experiments are performed on a
single 2.8GHz CPU. The datasets used in our experi-
ments and the supplementary data/code are available at
http://paul.rutgers.edu/~pkuksa/generalkernels/ .

Evaluation measures. The methods are evaluated
using 0-1 and top-q balanced error rates as well as F1

scores and precision and recall rates. Under the top-q
error cost function, a classiÞcation is considered cor-
rect if the rank of the correct label, obtained by sort-
ing all prediction conÞdences in non-increasing order,
is at most q. On the other hand, under the balanced
error cost function, the penalty of mis-classifying one
sequence is inversely proportional to the number of se-
quences in the target class (i.e. mis-classifying a se-
quence from a class with a small number of examples
results in a higher penalty compared to that of mis-
classifying a sequence from a large, well represented
class). We evaluate reemote protein homology perfor-
mance using standard Receiver Operat- ing Character-
istic (ROC) and ROC50 scores. The ROC50 score is the
(normalized) area under the ROC curve computed for
up to 50 false positives. With a small number of posi-
tive test sequences and a large number of negative test
sequences, the ROC50 score is typically more indica-
tive of the prediction accuracy of a homology detection
method than the ROC score.

6.1 Empirical performance analysis In this sec-
tion we show predictive performance for several se-
quence analysis tasks using our similarity/distance-
preserving symbolic embedding string kernels (Sec. 5)
and abstraction-based string kernels (Sec. 4).

For protein sequences we use as feature vectors rows
of the BLOSUM62 substitution matrices to represent 20
aminoacids (M step in Fig. 2, R=20). In case of the
music data, input sequences are sequences of 13-dim.
MFCC features (R=13). For symbolic Hamming em-
bedding we useB = 16, 32, 64 andk-mers with k=5 (we
use method described in [21] to obtain binary Hamming
embeddings). For abstraction/clustering based kernel,
we cluster a set of MFCC into |" | = 2048 clusters; for
protein sequence data, 20-dim. BLOSUM score vectors
are clustered into |" | = 4 groups (this corresponds to
the number of typical groups of amino acids accord-
ing to their hydropathy). For the experiments on the
protein sequences, we report results for incorporating
BLOSUM similarity between aminoacids using abstrac-
tion/cluster kernel (results using binary embedding are
similar and not shown). For the music experiments,
we compare clustering approach to incorporatingS and
similarity/distance-preserving Hamming approach that
preserves (approximate) distance according toS.

We consider the tasks of multi-class music genre
classiÞcation [15], with results in Table 1, and the
protein remote homology (superfamily) prediction [13,
8, 7] in Table 4. We also include results for multi-class
fold prediction [5, 16] in Table 2 and Table 3.

On the music classiÞcation task (Table 1), we
observe signiÞcant improvements in accuracy using

=> K(E(X),E(Y)) ~ K(X,Y|S) !

Kernel value 
K(E(X),E(Y)) 

approximates general 
similarity function 

The algorithm complexity depends on the size of! since
during a trie traversal, possible substitutions are drawn
from ! explicitly; consequently, to control the complex-
ity of the algorithm we need to restrict the number of
allowed mismatchesm, as well as|! |.

We note that most of existing k-mer string kernels
(e.g., mismatch/spectrum kernels, gapped and wildcard
kernels, c.f. [12]) essentially use onlysymbolicHamming-
distance based matching, which may not necessarily re-
ßect underlying similarity/dissimilarity between k-mers.
For a large class of k-mer string kernels, which in-
clude mismatch/spectrum, gapped, wildcard kernels,
the matching function, I (! , " ), of two k-mers ! and
" is independent of the actual k-mers being matched
and depends only on the Hamming distance [10]. As
a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum al-
lowed Hamming distance. This presents a limitation as
in many cases similarity relationships are not entirely
based on symbolic similarity, e.g., as in matching word
n-grams or amino-acid sequences, where, for instance,
words may be semantically related or amino-acids could
share structural or physical properties not reßected on a
symbolic level. Recent work in [10] have introduced lin-
ear time algorithms with alphabet-independentcomplex-
ity for Hamming-distance based matching. This enables
e" cient computation of a wide class of existing string
kernels for datasets with large|! |. However, above ap-
proaches do not readily extend to the case of a gen-
eral (non-Hamming) similarity metrics (e.g., BLOSUM-
based scoring functions in biological sequence analy-
sis, or measures of semantic relatedness between words,
etc.) without introducing a high computational cost
(e.g., requiring quadratic or exponential running time as
in, for instance, BLOSUM-based substitution kernels).
In this work, we aim to extend the works presented
in [10, 12] to the case of general (non-Hamming) simi-
larity metrics and introduce e" cient linear-time gener-
alized string kernel algorithms (Sections 4, 5). We also
show empirically that using these generalized similar-
ity kernels provides e#ective improvements in practice
for a number of challenging classiÞcation problems (Sec-
tion 6).

� � � ����� � �� ��� ���� �� � � �� ���� � �� �������
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In this section we will Þrst discuss sequence matching
with spectrum/mismatch kernels and then introduce
general similarity string kernels as their generalization.

Given a sequenceX over the alphabet ! the
spectrum-k kernel [13] and the mismatch(k,m) ker-
nel [14] induce the following|! |k -dimensional represen-

tation for the sequenceX considered as a set ofk-mers:

(3.3) $ k ,m (#|X ) =

!
"

! ! X

I m (! , #)

#

" ! ! k

where I m (! , #) = 1 if ! ! Nk,m (#), and Nk,m (#) is the
mutational neighborhood, the set of all k-mers that dif-
fer from # by at most m mismatches. Note that, by
deÞnition, for spectrum-k kernels, m = 0. E #ectively,
these are thebag-of-substringsrepresentations, with ei-
ther exact (spectrum) or approximate/smoothed (mis-
match) counts of substrings present in the sequenceX .

The spectrum/mismatch kernel is then deÞned as

K (X, Y |k, m) =
"

" ! ! k

$ k ,m (#|X )$ k,m (#|Y )

=
"

! ! X

"

# ! Y

"

" ! ! k

I m (! , #)I m (" , #)(3.4)

One interpretation of this kernel is that of cumu-
lative pairwise comparison of all k-long substrings
! and " contained in sequencesX and Y , respec-
tively. In the case of mismatch kernels the level of
similarity of each pair of substrings (! , " ) is based
on the number of identical substrings their muta-
tional neighborhoodsNk,m (! ) and Nk,m (" ) give rise to,$

" ! ! k I m (! , #)I m (" , #). For the spectrum kernel, this
similarity is simply the exact matching of ! and " .

One can generalize this and allow an arbitrary met-
ric similarity function S(! , " ) to replace the Hamming
similarity

$
" ! ! k I m (! , #)I m (" , #) " S(! , " ) and ob-

tain general similarity kernel:

(3.5) K (X, Y |k, S) =
"

! ! X

"

# ! Y

S(! , " ).

Such similarity function can go signiÞcantly beyond
the relatively simple substring mismatch (substitution)
models mentioned above. However, a drawback of
this general representation over the simple Hamming-
similarity based mismatch model is, of course, that
the complexity of comparing two sequences in general
becomesquadratic in their lengths, O(|X | á |Y |). On the
other hand, mismatch type of representations can be
e" ciently evaluated in O(ck,m (|X |+ |Y |)) time [10]. We
also note that directly using Eq. 3.5 will not, in general,
result in a proper kernel K (X, Y |k, S) for arbitrary
similarity metric S(á, á).

Our goal here is to approach the above process Òin
reverseÓ: start with a general similarity metric S and
replace it with an approximate, but computationally
e" cient, Hamming-type computation. In the following
we consider two approaches for incorporatingS(á, á) into
sequence matching that preservelinear time complexity

feature space! k : E ! RB ! 2k
:

(5.7) ! k (E (X )) =
!
! b

! (E (X ))
"

! " { 0,1} k ,1# b# B

where ! b
! (E (X )) =

#
" " E (X ) I (" [b], #) is the number

of times # occurs in the bth row of E(X ) matrix. The
kernel is then the dot-product between corresponding
feature maps:

(5.8) K k (E(X ), E (Y )) = "! k (E (X )) , ! k (E (Y ))#.

In Figure 2 we illustrate similarity evaluation using
similarity-preserving symbolic embedding. Discrete in-
puts are Þrst mapped into a sequence ofR-dimensional
feature vectors (M ()-step, e.g. by replacing discrete
amino acid characters with rows of BLOSUM substi-
tution matrix). Those feature vectors are then mapped
using E() into binary vectors to obtain a B $ |X | matrix
representation of the original sequence. These binary
matrices are then compared usingK k (á, á).

5.2 E ! cient Kernel Computation We Þrst re-
duce the kernel computation (Eq.5.8) to the following
form.

K k (E(X ), E (Y )) = "! k (E (X )) , ! k (E (Y ))#(5.9)

=
B$

b=1

$

! " { 0,1} k

%

&
$

" " E (X )

I (" [b], #)
$

# " E (Y )

I ($[b], #)

'

(

=
B$

b=1

$

" " E (X )

$

# " E (Y )

I (" [b], $[b])(5.10)

=
$

" " E (X )

$

# " E (Y )

B$

b=1

I (" [b], $[b])(5.11)

We note that the kernel value above corresponds to the
cumulative count of the number of common rows in"
and $. I.e., for each pair ofB $ k submatrices (" ,$) the
kernel value is incremented by the number of rows that
are identical. Direct use of the Eq. 5.11 would result
in quadratic time kernel evaluation. A more e" cient
approach is to note that the number of pairs of B $ k
submatrices (" ,$) from E(X ) and E(Y ) that have the
same bth row can be computed by running the exact
spectrum-k kernel B times, i.e. for each rowb = 1 ...B
of E(X ) and E(Y ). This gives a linear time O(Bnk )
algorithm for comparing the embedded representations
E(X ) and E(Y ). This is an improvement over directly
using O(ckB,mB nk) mismatch kernel algorithm for inex-
act matching as the above linear-time row-based com-
parison between two B $ k submatrices in e#ect cor-
responds to inexact matching of these matrices. We
also note that the computational complexity O(Bkn )

of evaluating K (X, Y |S) compares well with computa-
tional complexity of typical Hamming-based string ker-
nels [12] (e.g.,O(C(g, k)kn) of the gapped kernel, or
O(km +1 |$ |m n) of the mismatch kernel).

The described algorithm has linear complexity com-
pared to quadratic complexity of evaluating general ker-
nel of the form as in Equation 3.5. Furthermore, the
approach we propose is substantially di#erent from trie-
basedapproaches described, for example, in [12] for com-
puting e.g. substitution kernels that use biologically
meaningful similarity measure based on probabilistic
substitution models.

In summary, the proposed algorithms exhibit the
following advantages:

¥ Enhances original discrete/symbolic or real-valued
representation by re-representing sequence data us-
ing di#erent sequence alphabet that captures inter-
relationships between individual sequence elements
or features (e.g.,k-mers).

¥ Allow e" cient (linear time) matching (Section 5.1)

¥ Incorporate similarity/distance S(á, á) between fea-
tures or sequence elements into matching which
otherwise is typically limited to symbolic matching
(symbolic hamming distance)

¥ ReÞne matching of otherwise symbolically di#erent
sequence elements/features (e.g., di#erent amino-
acids in proteins, music samples, as shown in the
experiments in Section 6)

5.3 Relationship with the Hamming distance
and similarity scores S In the following we discuss
the relationship between the kernel K k (E(X ), E (Y ))
(Eq. 5.11) computed over similarity-preserving em-
bedding and the original similarity kernel K (X, Y |S)
(Eq. 3.5) that uses S(á, á).

The resulting kernel value K k (E(X ), E (Y )) is an
approximation of the total Hamming similarity between
all pairs (" , $) of B $ k submatrices

(5.12) H (E(X )E(Y )) =
$

" " E (X )

$

# " E (Y )

h"#

where h"# is the Hamming similarity between the two
B $ k submatrices" and $ (the number of corresponding
identical bits). The kernel in Eq. 5.11 can be written as

K k (E(X ), E (Y )) =
$

" " E (X )

$

# " E (Y )

B$

b=1

I (" [b], $[b])

(5.13)

=
$

" " X

$

# " Y

s"#(5.14)

number similar 
rows in a and b
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Wednesday, January 25, 2012

(a) Proposed approach. Input sequenceX of R-dim feature vectors is represented in 2D using
direct feature quantization Q(X ) or embedding E (X ). Multivariate string kernel is used to
measure sequence similarities.

Fig. 1: Proposed discretemultivariate representations.

Input seq. X S L F E Q L G V

A 5 3 2 3 3 3 4 4

R 3 2 1 4 5 2 2 1

N 5 1 1 4 4 1 4 1

D 4 0 1 6 4 0 3 1

C 3 3 2 0 1 3 1 3

Q 4 2 1 6 9 2 2 2

E 4 1 1 9 6 1 2 2

G 4 0 1 2 2 0 10 1

H 3 1 3 4 4 1 2 1

I 2 6 4 1 1 6 0 7

L 2 8 4 1 2 8 0 5

K 4 2 1 5 5 2 2 2

M 3 6 4 2 4 6 1 5

F 2 4 10 1 1 4 1 3

P 3 1 0 3 3 1 2 2

S 8 2 2 4 4 2 4 2

T 5 3 2 3 3 3 2 4

W 1 2 5 1 2 2 2 1

Y 2 3 7 2 3 3 1 3

V 2 5 3 2 2 5 1 8

Thursday, August 16, 12

(a) Representation of protein sequence X using direct feature
quantization. Each amino acid is represented using 20-dim vector
of BLOSUM62 substitution probabilities (high values indicate
substitutions that are more likely).

Input seq. X S L F E Q L G V

1 1 0 0 1 1 0 1 0

2 1 1 0 1 1 1 1 0

3 0 0 0 0 0 0 1 0

4 0 1 0 1 1 1 0 1

5 0 1 1 1 0 1 1 1

6 1 1 1 1 1 1 1 1

7 1 1 1 0 0 1 1 1

8 1 1 1 1 1 1 1 1

Thursday, August 16, 12

(b) Representation of protein sequenceX using symbolic binary embed-
ding E (X ). Each amino acid is represented as an 8-bit binary vector
obtained using similarity hashing. Note that similar amino acid have
similar binary representations (e.g., hydrophobic amino acids L, and V
or hydrophilic amino acids E, and Q).

Fig. 2: Examples of discrete multivariate representations for protein sequences using direct feature quantization or
similarity hashing (binary Hamming embedding).

between the two sequencesX and Y under multivariate
(2D) representationsamounts to comparing pairs of k ! R
(k ! B ) 2D submatricescontained in X and Y , where k
is the length of 2D-k-mer (i.e. k is similar to the length
of the k-mer in typical k-mer based univariate kernels).
A multivariate string kernel can then be deÞned for the
multivariate ( R-dim or B -dim) sequences X and Y as

K 2D (X, Y ) =
!

! 2D ! X

!

" 2D ! Y

K(! 2D , " 2D ) (6)

where ! 2D and " 2D are |R| ! k (or |E | ! k) submatrices
(2D=k-mers) of X and Y and K(! 2D , " 2D ) is a kernel

function deÞned for measuring similarity between two
submatrices. The multivariate kernel in Eq. 6 corre-
sponds to cumulative pairwise comparison of submatri-
ces (2D-k-mers) contained in multivariate sequences X
and Y (this is similar to typical spectrum kernels, e.g.
mismatch kernel in Eq. 1).

One possible deÞnition for the submatrix kernel K(á, á)
in Eq. 6 is row-based similarityfunction

K(! 2D , " 2D ) =
R!

i =1

I (! i
2D , " i

2D ) (7)

where I (á, á) is a similarity/indicator function for match-
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Similarity-preserving 
kernels

¥BeneÞts:

¥Incorporate metric similarity function S into 
matching

¥Enhances representation by capturing 
interrelationships between sequence elements 
and features according to S

¥=>ReÞne matching of otherwise symbolically 
different sequence elements/features

¥Computationally efÞcient: linear time!
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¥Task 1: Protein remote homology 
prediction
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Protein remote homology 
prediction

¥Each amino acid mapped into 20-dim BLOSUM 
descriptor

¥Each protein is encoded as 8-dim sequence,   |E|
=8 bits using similarity hashing

Data Supervised
setting

Semi-supervised 
setting

SCOP
7359
seqs

(54 superfam)

+1M unlabeled 
seqs

(NRDB)
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Protein remote homology 
prediction

30

37.5

45

52.5

60

Mismatch SSSK

57.43

51.76
50.12

41.92

M
ea

n 
R

O
C

-5
0
AA GSK

AA = string kernel 
deÞned on amino acid 
sequences

GSK = general 
similarity kernel

  Improvement
(GSK vs AA):          23%        15%
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Protein remote homology 
prediction
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Profile
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Semi-supervised setting
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¥Task 2: MHC-peptide binding prediction
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¥MHC-Peptide binding prediction
¥needed for vaccine, immunotherapy design

antigen 
(sequence of target 

protein)

binding strength

cell surface

peptide

peptide prediction
system output
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MHC peptide binding 
prediction

¥QHMM = committee of HMMs

¥NetMHC = highly optimized neural 
network predictor, trained on more data

Allele QHMM NetMHC GSK
A0201 62.1 76.9 82.34
A0206 67.03 83.93 80.97
A2402 66.51 76.35 85.24

    Test ROC50 scores
¥Data: tumor, cancer, virus antigens (WT1, PSA, EBV, etc) 
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Part III: Biomedical 
Literature Mining
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Practical information extraction/
retrieval problems in bioNLP

¥Relevant article detection

¥Bio-Entity Tagging                              
(genes, proteins, etc)

¥Interaction/relationship (e.g., PPI) 
extraction

!"#$%#$! &
!

!"#$$%!&'(')% *#&+,-+&.%-/01#2&,-1/%
$3,#&+,-1/%4#$,#-$5&.%6#17.$2'

! !"#$%&'"'()'*++"&+)

))),+-&-./)01#'-"&./)-'23

! 41#'-"&$41#'-"&)5&'-1*2'"#&

))),4453)-6'1*2'"#&

! 445)71'"28-)1-'1"-9*8):1#;)*<.'1*2'.

,1-8-9*&')*1'"28-)=-'-2'"#&3

!"#$%#$! &
!
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! !"#$%&'"'()'*++"&+)

))),+-&-./)01#'-"&./)-'23

! 41#'-"&$41#'-"&)5&'-1*2'"#&

))),4453)-6'1*2'"#&

! 445)71'"28-)1-'1"-9*8):1#;)*<.'1*2'.

,1-8-9*&')*1'"28-)=-'-2'"#&3

!"#$%#$! &
!

!"#$$%!&'(')% *#&+,-+&.%-/01#2&,-1/%
$3,#&+,-1/%4#$,#-$5&.%6#17.$2'

! !"#$%&'"'()'*++"&+)

))),+-&-./)01#'-"&./)-'23

! 41#'-"&$41#'-"&)5&'-1*2'"#&
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,1-8-9*&')*1'"28-)=-'-2'"#&3

¥Goal: automatic annotation, information extraction 
from biomedical literature
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WCDL (Word-Class 
Distribution Learning)

¥WCDL: simple and scalable semi-supervised 
feature learning method

¥ Use model trained on labeled examples to estimate 
word-class distribution (WCD) on unlabeled data

¥ Add WCD features to the feature set and retrain
!"#$%#$! $!

!"

! !"#$% !"#$%&'!()*!+,(&(-&'!+'$#.+/%'01#+'*!2'(3/0'!
&'(0)#)4
5 6+'!$7*'&!30(#)'*!7)!&(-'&'*!'8($%&'+!37!'+3#$(3'!

9%0'*#,3'* :!;70*.,&(++!*#+30#-/3#7)!9<=>:!%(33'0)+!7)!
/)&(-'&'*!*(3(

&'()*+*,-.*&(/01&2)(3405(6%*!7361"8955*
#05'30:2'07;*$(93;0;<*,!"#$.

5 ?** !<=>!2'(3/0'+!37!3@'!2'(3/0'!+'3!()*! 0'30(#)
&'()*+,-.()/01102345()6.7.8.-.()*.9+,:+0;1+)<)=3-50>()?/@A)B!!C)
)D638'E6+F349'-37)63G+3>:3)H.231'>;)I'5J)631KEH3.4>37)L3.5+43-D
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Sequence Embeddings

!"#$%#$! $&
!"
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word-class vectors (WCDL)
language models
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Gene Mention Prediction
¥Find gene names in text:

¥ Input text: Phenotypic analysis demonstrates that trio 
and Abl cooperate in regulating axon outgrowth...

¥ Output gene names: trio,  Abl

¥Data: BioCreative II Competition

¥Train: 15K sentences

¥Test: 5K sentences

¥Unlabeled data for training: 60M sentences 
from PubMed  (~1.3G words, approximately 
size of entire wikipedia)
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Gene mention prediction 
Method Precision Recall F1

BioCreative II (best) semi-
supervised method, 

extensive dictionaries 
88.48 85.97 87.21

CRF (words) 87.84 76.92 82.02

CRF (WCDL) 90.70 85.19 87.86

Wednesday, November 13, 13



PPI relation extraction

¥Task: extract all interacting protein pairs 
from a given sentence

¥Example: 

¥Input sentence: The protein product of c-cbl 
proto-oncogene is known to ineract with several 
proteins, including Grb2, Crk, and PI3 kinase 

¥Output: (c-cbl, Grb2), (c-cbl,Crk), etc
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PPI relationship 
extraction

¥Approach:

1. Learn word embeddings from unlabeled 
data (WCDL, LM)

2. Cluster words according to similarity S 
induced by learned embeddings

3. Map words to cluster ids w -> c(w)
4. Evaluate sentence similarity using cluster 

word ids (cluster kernel)
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PPI relation extraction

Method Precision Recall F1

Multiple kernel, multiple 
parser (Makoto et al)

(state-of-the art method)

9

57.8 66.11 61.4

Dependency and deep 
parsers (Miyao et al) 54.9 65.5 59.5

Cluster kernel 60.68 69.08 64.54
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PPI interaction article 
retrieval

¥IAS task: classify article abstracts into protein-
protein interaction (PPI)-related or not 

¥Labeled data: 5495 abstracts for training / 
677 for testing

¥Unlabeled data: 60M sentences from 
PubMed (~1.3G words)

¥use unlabeled data to construct word 
descriptors (ECML, 2010)
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BioCreative II contest

¥IAS test performance

¥No complex hand-crafted features

¥GSK + WCDL

method F1 Accuracy
BioCreative II (best) 78.00 75.33

BioCreative II (rank 2) 77.95 77.10

String kernel (best) 77.17 74.30
WCDL (GSK) 80.11 79.03
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Conclusions
¥Sequence analysis space is highly non-trivial:
¥variable size (from short bio-molecules, 

proteins, to genomic DNA)
¥no all-purpose/generic representations
¥no standard way to do calculus
¥methods need to scale to very large 

datasets

¥Need accurate yet efÞciently computable 
representations and algorithms
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Conclusions

¥New, computationally efÞcient methods for 
k-mer sequence similarity models

¥General Similarity models

¥Semi-supervised learning method for 
annotation and relationship extraction

¥BeneÞts:  Accuracy + EfÞciency
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Future work
¥Sequence typing (whole-genome analysis, 

read sets vs multilocus)

¥Genes, proteins, small-molecules 
interaction

¥Genome annotation

¥Variant identiÞcation, Þnding functionally 
important variants from read data

¥Dynamic change detection from massive 
read data (e.g., microbiome)
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Future work

¥Massive read sets analysis, comparison, 
annotation

¥Whole-exome sequencing data analysis

¥Semi-supervised kernel learning, learning 
from unlabeled data

¥EfÞcient sequence labeling (annotation) 
methods
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