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What are we after?
• Sequence Classification

   

• String kernels

• Superior for classification in diverse settings: text, 
bioinformatics, music etc

• Similarity-based inference: kernel K(X,Y)=<F(X),F(Y)>

• Classification: f(X) = ∑αiK(X,Xi)

2

Music Genre
Artist
etc

AnnotationAudio/Music Text

Bio-informatics

GTATATGATCAGGACT
AGTTGGTACAGCTCTT
AGACTATTAATTCGAG
CTGAACTAGGCCAAC
CAGGAGCTCTTCTGG
GGGATGATCAATTATA
TAATGTAATTGTAACC

ATGGTTAAATTCTCCT
CAGAACCACATTTGG
CTCAGGTAGTCGCAG
AAGACCTTCTTTCTCC?

Sequence X Sequence Y
                    String kernels

  K(X,Y) = <F(X), F(Y)>

seq. feature vector

• Sequence Classification

Xi ∈ SV



Inexact String Matching Kernels
• However, computation is challenging as sequence 

matching is based on co-occurrence of sub-patterns 
(eg, k-mers) with mismatches

• Expensive O(km|∑|mn) evaluation using trie-based approach 
• not applicable for large k and m
• limits feasible set of kernel parameters to small k,m

GGAATTTGAGCAGGACTAATTGGAACTTCTTTAAGATTACTTATTCGAACTGAATTAGGAACCCCAGGATCTTTAATTGGAGATGATCAAATTTATAATACAAT

TGTTACAGCTCATGCATTTATTATAATTTTTTTTATAGTTATACCTATTATAATCGGAGGATTTGGAAATTGACTAGTTCCATTAATAATAGGTGCCCCAGATATAG

CTTTCCCCCGTATAAATAACATAAGATTTTGATTATTACCCCCATCTTTAACTTTATTAATTTCAAGAAGAATTGTTGAAAATGGGGCTGGTACAGGATGAACA

GTTTATCCCCCTCTTTCATCAAATATCGCCCATCAAGGAGCATCTGTTGATTTAGCAATTTTTTCCCTTCATCTTGCTGGTATTTCATCAATTCTTGGAGCTA

TTAATTTTATTACAACAATTATTAATATACGAATTAATAATTTATCTTTTGATCAAATACCATTATTTGTTTGAGCTGTAGGAATTACAGCATTATTATTATTACTTTC

ATTACCTGTTTTAGCAGGTGCTATTACTATATTATTAACAGATCGAAATTTAAATACTTCTTTTTTTGATCCTGCAGGAGGAGGAGATCCAATCTTATACCAACA

CTTATTT
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Fig. 1. String kernel. A sliding window of size k=5 is used to derive feature representation �(X) of an input sequence X.

structural families. A novel unsupervised “abstrac-
tion” strategy is applied on classic string kernel to
leverage supervised learning with the power of many
unannotated protein sequences. The “abstraction”
includes two stages,

• (1) An unsupervised auxiliary task is em-
ployed to learn accurate representations
(embedding) for amino acids based on con-
textual similarity in biological sequences.

• (2) Amino acids are grouped to generate
more abstract entities according to their
learned representations.

On three benchmark data sets for structural classifi-
cation of proteins, the proposed semi-supervised ker-
nel achieves state-of-the-art performance, improves
over classic string kernels, and is more general than
previous approaches.

2. Protein Sequence Analysis Using
String Kernels

In this paper we focus on string kernel-based meth-
ods 6 for classification of protein sequences under the
discriminative learning setting. The discriminative
setting tries to capture the di�erences among classes
(e.g. folds and superfamilies), while its counterpart,
generative models 7 focus on capturing shared char-
acteristics within classes. Previous studies 8, 9 show

that the discriminative models have better distinc-
tion power over the generative models 7.

Our target problems of remote protein homology
and fold recognition essentially try to infer structural
relationships between proteins from their primary se-
quences. These problems could be treated as tasks of
learning sequences of amino acids that typically de-
scribe the patterns of protein structural properties of
interest. Given an input protein sequence, the target
structural relationship will be recognized by perform-
ing matching between patterns present in the test
sequence and the patterns in the annotated training
examples. This amounts to computing string kernel
(similarity score) between protein sequences based
on certain feature representations. The key idea of
string kernels is to apply a mapping �(·) to map se-
quences of arbitrary length into a vectorial feature
space of fixed length. In this space a standard classi-
fier such as support vector machine (SVM) 6 can then
be applied. As SVMs require only inner products
between examples in the feature space, rather than
the feature vectors themselves, string kernel 10, 9, 4

is thus implicitly computed as an inner product in
this feature space:

K(X, Y ) = ⌅�(X), �(Y )⇧, (1)

where X = (x1, . . . , x|X|), where |X| means the
length of the sequence. X, Y ⇤ S, S is the set of

features

X

Similar X and Y ~ Similar F(X) and F(Y)  

Length Up to m=1 



Preview of the Results
1. Theoretical results: 

• significantly improved computation for inexact 
string matching kernels with large substrings (k) and 
many mismatches (m)

•             theoretical speed-up (alphabet size |∑|⨠m)

2. Empirical results:

• orders-of-magnitude speed-ups (~200x)

• significant classification performance gains (~30%) 
with large-(k,m) kernels over state-of-the-art on 
bioinformatics and music classification

Table 6: Remote homology. Classification performance (mean ROC and ROC50) of the mismatch kernel
method in the supervised setting (with validation set)

Kernel ROC (Test) ROC50 (Test) ROC (Validation) ROC50 (Validation)

mismatch(5,1) 85.75 39.47 88.28 73.21
mismatch(5,2) 89.62 48.10 90.36 77.17
mismatch(6,2) 89.26 48.72 90.61 77.89
mismatch(6,3) 89.95 48.38 90.32 77.05
mismatch(7,3) 90.08 51.64 91.17 79.21
mismatch(7,4) 89.79 47.74 90.04 76.40
mismatch(9,3) 87.14 44.27 89.55 76.47
mismatch(9,4) 89.97 52.59 91.90 81.57
mismatch(10,4) 88.77 48.47 90.90 79.15
mismatch(10,5) 90.40 52.96 92.34 81.30
mismatch(11,5) 89.68 50.14 91.52 80.25
mismatch(11,6) 90.58 52.72 92.38 81.23
mismatch(13,5) 86.57 42.56 87.79 70.12

Table 7: Remote homology detection. Kernel selection. Note that best choice of parameter values (k,m) is
class-specific (i.e. depends on protein superfamily/family). Kernels with larger values k,m achieve higher
prediction accuracy compared to settings with smaller k,and m.

Experiment Uniform kernel
MKL
top (k,m)

Test ROC50
Best k, m
(based on validation set)

Test ROC50
Best k, m
(based on test set)

Test ROC50

2.56.1.2 13.75 (13,6) 37.75 11, 6) 17.35 (7, 3) 18.11
1.27.1.2 58.57 (13,6) 51.71 (11, 6) 51.02 (7, 3) 58.60
1.4.1.2 67.20 (7,3) 57.6 (5, 3) 62.04 (7, 3) 73.47
3.2.1.5 57.71 (13,6) 52.86 (11, 6) 52.48 (13, 4) 73.47
2.28.1.3 30.40 (13,6) 27.20 (6, 2) 26.12 (5, 3) 30.61
7.3.6.1 89.11 (5,2) 97.56 (5, 3) 80.95 (11, 6) 93.20
2.1.1.2 80.62 (7,3) 90.50 (11, 4) 81.76 (11, 5) 88.65
2.38.4.5 46.25 (13,6) 33.0 (9, 2) 0.00 (5, 3) 56.89
1.36.1.2 26.00 (7,3) 36.33 (5, 3) 1.36 (10, 5) 38.78
1.41.1.2 96.00 (7,3) 97.67 (5, 1) 73.47 (11, 6) 98.98
Mean ROC50: 51.47 50.78 47.43 60.32

Table 9: Running time for kernel computation on
music and protein sequence data

(k,m, |⌃|) Running time (s)

(9,2,2048) 235
(9,3,2048) 373
(9,4,2048) 416
(10,2,20) 82
(10,3,20) 196
(10,5,20) 610

ning times Ttrie/Tlinear as a function of kernel parameters
k,m, and alphabet size |⌃| are as expected from theoretical
analysis. For example, the obtained speed-up for computing
intersection sizes for k=10,m=5,|⌃|=20 is 208x, while the

expected running time ratio
⇣

|⌃|
m+2

⌘m
is (20/(5 + 2))5=190.

We also note that because of high O(km+1|⌃|m) computa-
tional complexity of finding intersection sizes using explicit
trie traversal, for m > 3 and large alphabet |⌃| running
time is excessively long (for these cases only expected run-
ning time ratios are shown in Table 10).

5. CONCLUSIONS
In this work we proposed a new systematic method that al-

lows evaluation of inexact string family kernels for long sub-
strings k with large number of mismatches m. The method

Table 10: Intersection size computation. Running
time ratio Ttrie/Tlinear (speed-up) of the trie-based
method and proposed algorithm as a function of ker-
nel parameters k, m, and alphabet size |⌃|. Observed

speed-ups are on the order of
⇣

|⌃|
m+2

⌘m
as expected

from theoretical analysis
(k,m) |⌃| = 20 |⌃| = 100

(5,2) 6 254
(5,3) 27 5931
(6,2) 9 393
(6,3) 45 10118
(7,2) 13 571
(7,3) 57 12848
(7,4) 120 n/a / 8⇥ 104†

(9,4) 132 n/a / 8⇥ 104†

(9,5) 197 n/a / 6⇥ 105†

(10,5) 208 n/a / 6⇥ 105†
†

expected running time ratio only due to

excessive running time for trie-based method

finds the intersection set sizes by explicitly computing them
for small alphabet size |⌃| and then generalizing this to ar-
bitrary large alphabets. We show that this enables one to
explore a larger set of kernels corresponding to a wide range
of kernel parameter values, which as we demonstrate ex-
perimentally can further improve performance of the string



Background:
String Kernels



Spectrum Kernels
• Measure similarity between sequences based on co-

occurrence of fixed-length substrings (k-mers)

• Feature map for exact spectrum kernel (no mismatches)

• Feature map for mismatch kernel (m mismatches)

• more dense representation (up to km|∑|m more dense)

Motivation
Our Results/Contributions

Summary

Basic Problems That We Studied
Previous Work

Spectrum-like kernels
Measure similarity based on common contiguous
fixed-length substrings (k -mers)
Feature map for exact spectrum kernel (no mismatches):

⇥(X ) =
� ⇤

��X
|�|=k

I(�, ⇥)
⇥

⇥��k

sparse representation: e.g. HKY� (00...01(HKY )0...0)

Feature map for the mismatch kernel (m mismatches):

⇥(X ) =
� ⇤

��X
|�|=k

Im(�, ⇥)
⇥

⇥��k

less sparse representation (up to km|�|m more dense): e.g.
HKY� (01(AKY )...1(HAY )...1(HKA)0...1(HKY )0...0)

Pavel Kuksa Kernel Methods and Algorithms for General Sequence Analysis
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X=”ACGAC”
k=2

X=”ACGAC”
k=2, m=1



What are the best 
algorithms for string kernels?
• Suffix trees (Vishwanathan & Smola, 2002)

• linear-time all-substring kernel (exact!)

• (Sparse) dynamic programming (Rousu, 
2005): eg, gapped kernel (gapped)

• Mismatch trie (Leslie, 2004)

• applies to mismatch, spectrum, gapped 
kernels, etc (inexact matching!!!)

• Complexity

•  limits applicability to small k,m,|∑|

• Sufficient statistics (SS) (Kuksa, 2008)

• more efficient (no |∑| !)

O(km+1|�|m(|X| + |Y |)) for k-mers (contiguous substring of length k) with up to m mismatches
and the alphabet size |�|. This limits the applicability of such algorithms to simpler transformation
models (shorter k and m) and smaller alphabets, reducing their practical utility on complex real data.
As an alternative, more complex transformation models such as [2] lead to state-of-the-art predictive
performance at the expense of increased computational effort.

In this work we propose novel algorithms for modeling sequences under complex transformations
(such as multiple insertions, deletions, mutations) that exhibit state-of-the-art performance on a
variety of distinct classification tasks. In particular, we present new algorithms for inexact (e.g.
with mismatches) string comparison that improve currently known time bounds for such tasks and
show orders-of-magnitude running time improvements. The algorithms rely on an efficient implicit
computation of mismatch neighborhoods and k-mer statistic on sets of sequences. This leads to
a mismatch kernel algorithm with complexity O(ck,m(|X| + |Y |)), where ck,m is independent of
the alphabet �. The algorithm can be easily generalized to other families of string kernels, such as
the spectrum and gapped kernels [6], as well as to semi-supervised settings such as the neighbor-
hood kernel of [7]. We demonstrate the benefits of our algorithms on many challenging classifica-
tion problems, such as detecting homology (evolutionary similarity) of remotely related proteins,
recognizing protein fold, and performing classification of music samples. The algorithms display
state-of-the-art classification performance and run substantially faster than existing methods. Low
computational complexity of our algorithms opens the possibility of analyzing very large datasets
under both fully-supervised and semi-supervised setting with modest computational resources.

2 Related Work

Over the past decade, various methods were proposed to solve the string classification problem,
including generative, such as HMMs, or discriminative approaches. Among the discriminative ap-
proaches, in many sequence analysis tasks, kernel-based [8] machine learning methods provide most
accurate results [2, 3, 4, 6].

Sequence matching is frequently based on common co-occurrence of exact sub-patterns (k-mers,
features), as in spectrum kernels [9] or substring kernels [10]. Inexact comparison in this framework
is typically achieved using different families of mismatch [3] or profile [2] kernels. Both spectrum-k
and mismatch(k,m) kernel directly extract string features based on the observed sequence, X . On
the other hand, the profile kernel, proposed by Kuang et al. in [2], builds a profile [11] PX and
uses a similar |�|k-dimensional representation, derived from PX . Constructing the profile for each
sequence may not be practical in some application domains, since the size of the profile is dependent
on the size of the alphabet set. While for bio-sequences |�| = 4 or 20, for music or text classification
|�| can potentially be very large, on the order of tens of thousands of symbols. In this case, a very
simple semi-supervised learning method, the sequence neighborhood kernel, can be employed [7]
as an alternative to lone k-mers with many mismatches.

The most efficient available trie-based algorithms [3, 5] for mismatch kernels have a strong depen-
dency on the size of alphabet set and the number of allowed mismatches, both of which need to be
restricted in practice to control the complexity of the algorithm. Under the trie-based framework, the
list of k-mers extracted from given strings is traversed in a depth-first search with branches corre-
sponding to all possible � � �. Each leaf node at depth k corresponds to a particular k-mer feature
(either exact or inexact instance of the observed exact string features) and contains a list of matching
features from each string. The kernel matrix is updated at leaf nodes with corresponding counts.
The complexity of the trie-based algorithm for mismatch kernel computation for two strings X and
Y is O(km+1|�|m(|X| + |Y |)) [3]. The algorithm complexity depends on the size of � since dur-
ing a trie traversal, possible substitutions are drawn from � explicitly; consequently, to control the
complexity of the algorithm we need to restrict the number of allowed mismatches (m), as well as
the alphabet size (|�|). Such limitations hinder wide application of the powerful computational tool,
as in biological sequence analysis, mutation, insertions and deletions frequently co-occur, hence
establishing the need to relax the parameter m; on the other hand, restricting the size of the alpha-
bet sets strongly limits applications of the mismatch model. While other efficient string algorithms
exist, such as [6, 12] and the suffix-tree based algorithms in [10], they do not readily extend to the
mismatch framework. In this study, we aim to extend the works presented in [6, 10] and close the
existing gap in theoretical complexity between the mismatch and other fast string kernels.

104 speed-up for 
          large (|�|=1000) alphabets

    Figure 1: Relative running time vs. alphabet size

Scalable Algorithms for String KernelsScalable Algorithms for String Kernels
with Inexact Matchingwith Inexact Matching

Pavel P. Kuksa, Pai-Hsi Huang, Vladimir Pavlovic

Theoretical results
New algorithmic approach for string kernels with 
inexact matching, including mismatch, gapped, and 
other count-based kernels
Improves complexity bounds over existing algorithms
Extends to large-scale semi-supervised learning (eg. 
neighborhood kernel approach)

Empirical results
Several orders of magnitude speed-up 
Explore more complex kernels yielding improved 
predictions

Points of Interest
� Removing dependency on the size of the 
alphabet under the mismatch measure
        O(km|�|mn) �  O(ck,mn)
� Generalization of algorithms for kernels on 
strings, improving time-efficiency
� Enhancing performance with new algorithms

� computational biology
� recognizing protein fold from sequence
� detecting remote evolutionary similarity

� general sequence data
� music genre recognition

� State-of-the-art  results for protein classification

Problem: what are the best algorithms for strings under inexact matching?
Spotlight ID:
     ???

Speed-up
Protein DNA Text Music
100 75 >106 104

Table 2: Remote homology detection
Original Relaxed

Supervised 41.92 52.00
Semi-supervised 81.05 86.32http://seqam.rutgers.edu/projects/new-inexact/

Table 1: Protein fold prediction (multi-class)
Original Relaxed

Supervised 46.78 52.87
Semi-supervised 70.87 77.51

features index

features index

ordered

unordered

similarity matrix

Sequence data

Original 57.4
Relaxed 64.4

Table 3: Music genre
classification (multi-class)

�Reduce error by 15% compared to 
the best available method
�Reduce error by 30% compared to 
the state-of-the-art profile kernel



Mismatch Trie Algorithm
• Depth-first search over complete tree with 

leaves/paths for all possible k-length substrings

• Problematic for large-∑ inputs and relaxed 
matching (larger m)

depth k

|∑|k leaves

A

C G

O(km+1|�|m(|X| + |Y |)) for k-mers (contiguous substring of length k) with up to m mismatches
and the alphabet size |�|. This limits the applicability of such algorithms to simpler transformation
models (shorter k and m) and smaller alphabets, reducing their practical utility on complex real data.
As an alternative, more complex transformation models such as [2] lead to state-of-the-art predictive
performance at the expense of increased computational effort.

In this work we propose novel algorithms for modeling sequences under complex transformations
(such as multiple insertions, deletions, mutations) that exhibit state-of-the-art performance on a
variety of distinct classification tasks. In particular, we present new algorithms for inexact (e.g.
with mismatches) string comparison that improve currently known time bounds for such tasks and
show orders-of-magnitude running time improvements. The algorithms rely on an efficient implicit
computation of mismatch neighborhoods and k-mer statistic on sets of sequences. This leads to
a mismatch kernel algorithm with complexity O(ck,m(|X| + |Y |)), where ck,m is independent of
the alphabet �. The algorithm can be easily generalized to other families of string kernels, such as
the spectrum and gapped kernels [6], as well as to semi-supervised settings such as the neighbor-
hood kernel of [7]. We demonstrate the benefits of our algorithms on many challenging classifica-
tion problems, such as detecting homology (evolutionary similarity) of remotely related proteins,
recognizing protein fold, and performing classification of music samples. The algorithms display
state-of-the-art classification performance and run substantially faster than existing methods. Low
computational complexity of our algorithms opens the possibility of analyzing very large datasets
under both fully-supervised and semi-supervised setting with modest computational resources.

2 Related Work

Over the past decade, various methods were proposed to solve the string classification problem,
including generative, such as HMMs, or discriminative approaches. Among the discriminative ap-
proaches, in many sequence analysis tasks, kernel-based [8] machine learning methods provide most
accurate results [2, 3, 4, 6].

Sequence matching is frequently based on common co-occurrence of exact sub-patterns (k-mers,
features), as in spectrum kernels [9] or substring kernels [10]. Inexact comparison in this framework
is typically achieved using different families of mismatch [3] or profile [2] kernels. Both spectrum-k
and mismatch(k,m) kernel directly extract string features based on the observed sequence, X . On
the other hand, the profile kernel, proposed by Kuang et al. in [2], builds a profile [11] PX and
uses a similar |�|k-dimensional representation, derived from PX . Constructing the profile for each
sequence may not be practical in some application domains, since the size of the profile is dependent
on the size of the alphabet set. While for bio-sequences |�| = 4 or 20, for music or text classification
|�| can potentially be very large, on the order of tens of thousands of symbols. In this case, a very
simple semi-supervised learning method, the sequence neighborhood kernel, can be employed [7]
as an alternative to lone k-mers with many mismatches.

The most efficient available trie-based algorithms [3, 5] for mismatch kernels have a strong depen-
dency on the size of alphabet set and the number of allowed mismatches, both of which need to be
restricted in practice to control the complexity of the algorithm. Under the trie-based framework, the
list of k-mers extracted from given strings is traversed in a depth-first search with branches corre-
sponding to all possible � � �. Each leaf node at depth k corresponds to a particular k-mer feature
(either exact or inexact instance of the observed exact string features) and contains a list of matching
features from each string. The kernel matrix is updated at leaf nodes with corresponding counts.
The complexity of the trie-based algorithm for mismatch kernel computation for two strings X and
Y is O(km+1|�|m(|X| + |Y |)) [3]. The algorithm complexity depends on the size of � since dur-
ing a trie traversal, possible substitutions are drawn from � explicitly; consequently, to control the
complexity of the algorithm we need to restrict the number of allowed mismatches (m), as well as
the alphabet size (|�|). Such limitations hinder wide application of the powerful computational tool,
as in biological sequence analysis, mutation, insertions and deletions frequently co-occur, hence
establishing the need to relax the parameter m; on the other hand, restricting the size of the alpha-
bet sets strongly limits applications of the mismatch model. While other efficient string algorithms
exist, such as [6, 12] and the suffix-tree based algorithms in [10], they do not readily extend to the
mismatch framework. In this study, we aim to extend the works presented in [6, 10] and close the
existing gap in theoretical complexity between the mismatch and other fast string kernels.Want to address this

O(km |∑|m) - number of substrings at 
Hamming distance of at most m



Mismatch Kernel

builds a profile [10] PX and uses a similar |�|k-dimensional
representation, derived from PX . Constructing the profile
for each sequence may not be practical in some application
domains, since the size of the profile is dependent on the
size of the alphabet set. While for bio-sequences |�| = 4
or 20, for music or text classification |�| can potentially be
very large, on the order of tens of thousands of symbols. In
this case, a very simple semi-supervised learning method,
the sequence neighborhood kernel, can be employed [11] as
an alternative to lone k-mers with many mismatches.

Some of the most efficient available trie-based algo-
rithms [3], [5] for mismatch kernels have a strong de-
pendency on the size of alphabet set and the number of
allowed mismatches, both of which need to be restricted
in practice to control the complexity of the algorithm.
Under the trie-based framework, the list of k-mers extracted
from given strings is traversed in a depth-first search with
branches corresponding to all possible ⌅ ⇥ �. Each leaf
node at depth k corresponds to a particular k-mer feature
(either exact or inexact instance of the observed exact string
features) and contains a list of matching features from
each string. The kernel matrix is updated at leaf nodes
with corresponding counts. The complexity of the trie-based
algorithm for mismatch kernel computation for two strings
X and Y is O(km+1|�|m(|X| + |Y |)) [3]. The algorithm
complexity depends on the size of � since during a trie
traversal, possible substitutions are drawn from � explicitly;
consequently, to control the complexity of the algorithm we
need to restrict the number of allowed mismatches (m), as
well as the alphabet size (|�|).

We note that most of existing k-mer string kernels (e.g.,
mismatch/spectrum kernels, gapped and wildcard kernels)
essentially use symbolic Hamming-distance based match-
ing, which may not necessarily reflect underlying simi-
larity/dissimilarity between sequence fragments (k-mers).
For a large class of k-mer string kernels, which include
mismatch/spectrum, gapped, wildcard kernels, the matching
function I(�,⇥) is independent of the actual k-mers being
matched and depends only on the Hamming distance [12].
As a result, related k-mers may not be matched because
their symbolic dissimilarity exceeds the maximum allowed
Hamming distance. This presents a limitation as in many
cases similarity relationships are not entirely based on
symbolic similarity, e.g., as in matching word n-grams or
amino-acid sequences, where, for instance, words may be
semantically related or amino-acids could share structural
or physical properties not reflected on a symbolic level. For
Hamming-distance based matching, recent work in [12] have
introduced linear time algorithms with alphabet-independent
complexity applicable to computation of a large class of
existing string kernels. However, above approaches do not
readily extend to the case of a general (non-Hamming)
similarity metrics (e.g., BLOSUM-based scoring functions
in biological sequence analysis, or measures of semantic

relatedness between words, etc.) without introducing a high
computational cost (e.g., requiring quadratic or exponen-
tial running time). In this work, we aim to extend the
works presented in [12], [7] to the case of general (non-
Hamming) similarity metrics and introduce efficient linear-
time generalized string kernel algorithms. We also show
empirically that using these generalized similarity kernels
provides effective improvements in practice for a number of
challenging classification problems.

III. DISTANCE-PRESERVING STRING KERNELS

A. Spectrum and Mismatch Kernels Definition

Given a sequence X with symbols from alphabet � the
spectrum-k kernel [8] and the mismatch(k,m) kernel [3]
induce the following |�|k-dimensional representation for the
sequence:

⇥k,m(⇤|X) =

�
⌅

��X

Im(�, ⇤)

⇥

⇤��k

, (1)

where Im(�, ⇤) = 1 if � ⇥ Nk,m(⇤), and Nk,m(⇤) is the
mutational neighborhood, the set of all k-mers that differ
from ⇤ by at most m mismatches. Note that, by definition,
for spectrum kernels, m = 0. Effectively, these are the bag-
of-substrings representations, with either exact (spectrum)
or approximate/smoothed (mismatch) counts of substrings
present in the sequence X .

The spectrum/mismatch kernel is then defined as

K(X, Y |k, m) =
⌅

⇤��k

⇥k,m(⇤|X)⇥k,m(⇤|Y ). (2)

=
⌅

��X

⌅

⇥�Y

⌅

⇤��k

Im(�, ⇤)Im(⇥, ⇤).(3)

One interpretation of this kernel is that of cumulative pair-
wise comparison of all substrings � and ⇥ contained in se-
quences X and Y , respectively. In the case of mismatch ker-
nels the level of similarity of each pair of substrings (�,⇥) is
based on the number of identical substrings their mutational
neighborhoods give rise to,

⇤
⇤��k Im(�, ⇤)Im(⇥, ⇤). For

the spectrum kernel, this similarity is simply the exact
matching of � and ⇥.

One can generalize this and allow an arbitrary metric
similarity function S to replace the Hamming similarity⇤

⇤��k Im(�, ⇤)Im(⇥, ⇤)� S(�,⇥):

K(X,Y |k,S) =
⌅

��X

⌅

⇥�Y

S(�,⇥). (4)

Such similarity function can go significantly beyond the
relatively simple substring mismatch (substitution) models
mentioned above. However, a drawback of this general
representation over the simple mismatch model that employs
the Hamming similarity is, of course, that the complexity
of comparing two sequences in general becomes quadratic

Observation I: number of substrings within distance m 
from both a and b is independent of a and b

Im(↵, �) =

⇢
1, d(↵, �)  m
0, otherwise

(1)

1

Main issue: denser substring spectrum, many more features due to approximate  
matching (m>0)

introduces for every a mismatch 
neighborhood N(a,m) of size

O(km|∑|m)

intersection size for two
mismatch neighborhoods

 

N(a,m) N(b,m)

intersection size



Sufficient Statistics for 
String Kernels

Algorithm 1. (Hamming-Mismatch) Mismatch algorithm based on Hamming distance
Input: strings X, Y, |X| = nx, |Y | = ny , parameters k, m, lookup table I for intersection sizes
Evaluate kernel using Equation 5:
K(X, Y |k, m) =

⌥nx�k+1
ix=1

⌥ny�k+1
iy=1 I(d(xix:ix+k�1, yiy:iy+k�1)|k, m)

where I(d) is the intersection size for distance d
Output: Mismatch kernel value K(X, Y |k, m)

The overall complexity of the algorithm is O(knxny) since the Hamming distances between all
k-mer pairs observed in X and Y need to be known. In the following section, we discuss how to
efficiently compute the size of the intersection.

3.3 Intersection Size: Closed Form Solution

The number of neighboring k-mers shared by two observed k-mers a and b can be directly com-
puted, in a closed-form, from the Hamming distance d(a, b) for fixed k and m, requiring no explicit
traversal of the k-mer space as in the case of trie-based computations. We first consider the case
a = b (i.e. d(a, b) = 0). The intersection size corresponds to the size of the (k, m)-mismatch
neighborhood, i.e. I(a, b) = |Nk,m| =

⌥m
i=0

�k
i

⇥
(|�| � 1)i. For higher values of Hamming dis-

tance d, the key observation is that for fixed �, k, and m, given any distance d(a, b) = d, I(a, b) is
also a constant, regardless of the mismatch positions. As a result, intersection values can always be
pre-computed once, stored and looked up when necessary. To illustrate this, we show two examples
for m = 1, 2:

I(a, b)
(m = 1) =

⇤
⇧

⌅

|Nk,m|, d(a, b) = 0
|�|, d(a, b) = 1

2, d(a, b) = 2

I(a, b)
(m = 2) =

⇤
⌃⌃⌃⌃⌃⌃⇧

⌃⌃⌃⌃⌃⌃⌅

|Nk,m|, d(a, b) = 0
1 + k(|�|� 1) + (k � 1)(|�|� 1)2, d(a, b) = 1
1 + 2(k � 1)(|�|� 1) + (|�|� 1)2, d(a, b) = 2

6(|�|� 1), d(a, b) = 3
�4
2

⇥
, d(a, b) = 4

In general, the intersection size can be found in a weighted form
⌥

i wi(|�| � 1)i and can be pre-
computed in constant time.

4 Mismatch Algorithm based on Sufficient Statistics

In this section, we further develop ideas from the previous section and present an improved mismatch
algorithm that does not require pairwise comparison of the k-mers between two strings and dependes
linearly on sequence length. The crucial observation is that in Equation 5, I(a, b) is non-zero
only when d(a, b) ⇥ 2m. As a result, the kernel computed in Equation 5 is incremented only by
min(2m, k) + 1 distinct values, corresponding to min(2m, k) + 1 possible intersection sizes. We
then can re-write the equation in the following form:

K(X, Y |m, k) =
nx�k+1�

ix=1

ny�k+1�

iy=1

I(xix:ix+k�1, yiy:iy+k�1) =
min(2m,k)�

i=0

MiIi, (6)

where Ii is the size of the intersection of k-mer mutational neighborhood for Hamming distance
i, and Mi, the number of observed k-mer pairs in X and Y having Hamming distance i. The
problem of computing the kernel has been further reduced to a single summation. We have shown
in Section 3.3 that given any i, we can compute Ii in advance. The crucial task now becomes
computing the sufficient statistics Mi efficiently. In the following, we will show how to compute the
mismatch statistics {Mi} in O(ck,m(nx + ny)) time, where ck,m is a constant that does not depend
on the alphabet size. We formulate the task of inferring matching statistics {Mi} as the following
auxiliary counting problem:

Mismatch Statistic Counting: Given a set of n k-mers from two strings X and Y ,
for each Hamming distance i = 0, 1, ...,min(2m, k), output the number of k-mer
pairs (a, b), a ⇤ X, b ⇤ Y with d(a, b) = i.

Matching (sufficient) statistics: 
Mi = number of pairs of substrings (a in X, b in Y) at 
Hamming distance d(a,b)=i 

Observation II: kernel is incremented only by min(2m,k)+1 
distinct values corresponding to Hamming distances 0-2m

Matching statistics Mi can be computed in linear time! (NIPS, 2008)

How to systematically and efficiently compute int. sizes Ii?



• Intersection size I(a,b)

• number of k-mers at Hamming distance ≤ 
m from both a and b

• I(a,b) = |{c|h(a,c)≤m and h(b,c)≤m}|

• min(2m+1,k) distinct intersection sizes    
I0, I1,..., Imin(2m+1,k)

• Ii - intersection size for Hamming distance i

• Intersection size computation problem:

Computing intersection sizes

Given |∑|,k, and m, compute intersection sizes 
for Hamming distances 0...min(2m,k)



Intersection size computation
1. Brute-force O(km|∑|m): 2m trie traversals, only for 

small |∑|,k,m

2. Analytical (closed-form) solution

• No systematic way

• Currently only for small m<4

• Eg. as a function of k and m (NIPS, 2008)closed form as

I(a, b)
(m = 2)

=

8
>>>>>><

>>>>>>:

|Nk,m|, d(a, b) = 0

1 + k(|⌃|� 1) + (k � 1)(|⌃|� 1)2, d(a, b) = 1

1 + 2(k � 1)(|⌃|� 1) + (|⌃|� 1)2, d(a, b) = 2

6(|⌃|� 1), d(a, b) = 3
�
4
2

�
, d(a, b) = 4

Once the closed form solution is found for every (m, d) pair,
the intersection sizes for given k, |⌃| can be found in constant
time. However, it is di�cult to obtain closed form solution
for larger k, m. Currently, analytic solutions are known for
m < 4, with no known solutions for m � 4.

Finding coe�cients by solving linear systems of equations.
It is possible to e�ciently compute the intersection sizes
by reducing (k,m, |⌃|) intersection size problem to a set of
less complex intersection size computations. We discuss this
approach below.

3.1 Reduction-based computation of intersec-
tion size coefficients

For every Hamming distance 0  d(a, b)  2m, the corre-
sponding set of coe�cients wi, i = 0, 1, . . . ,m can be found
by solving a linear system Aw = I of m + 1 equations
with each equation corresponding to a particular alphabet
size |⌃| 2 {2, 3, . . . ,m + 2}. The left-hand side matrix A
is an (m+1,m+1) matrix with elements aij = (i + 1)j�1,
i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1.

A =

0

BB@

10 11 12 ... 1m

20 21 22 ... 2m

...
(m+ 1)0 (m+ 1)1 (m+ 1)2 ... (m+ 1)m

1

CCA

The right-hand side I = (I0, I1, . . . , Im)T is a vector of in-
tersection sizes for a particular setting of k, m, d, |⌃| =
2, 3, . . . ,m + 2. Here, Ii, i = 0 . . .m is the intersection size
for a pair of k-mers over alphabet size i + 2. Note that
Ii need only be computed for small alphabet sizes, up to
m + 2. Hence, this vector can feasibly be computed using
a trie traversal for a pair of k-mers at Hamming distance
d even for moderately large k as the size of the trie is only
(m + 2)k as opposed to |⌃|k. This allows now to evaluate
kernels for large k and m as the traversal is performed over
much smaller tries, e.g., even in case of relatively small pro-
tein alphabet with |⌃| = 20, for m = 6 and k = 13, the size
of the trie is 2013/(6 + 2)13 = 149011 times smaller. Coe�-
cients w obtained by solving Aw = I do not depend on the
alphabet size |⌃|. In other words, once found for a particular
combination of values (k,m), these coe�cients can be used
to determine intersection sizes for any given finite alphabet
|⌃| using Eq. 3.

We summarize the intersection size computation in Algo-
rithm 1. The algorithm receives as the input the problem
parameters k, m, and |⌃| and returns both the vector of
(min(k, 2m) + 1) intersection sizes Ik,m,|⌃| (lookup table)
for a given (k,m, |⌃|)-problem and the weight matrix Wk,m

that can be used to obtain intersection sizes for any alphabet
size |⌃|. The overall complexity of the algorithm is O((2m+

1)km+1(m+2)m). Compared to O((2m+1)km+1|⌃|m) com-
plexity of computing intersection sizes directly using trie
traversals, proposed algorithm has lower complexity by a

factor of
⇣

|⌃|
m+2

⌘m
(as we show empirically in Sec. 4.3 this

agrees with observed running time improvements).

Algorithm 1: Intersection size computation

Input: kernel parameters k and m, alphabet size |⌃|
1: for d = 0 to min(k, 2m) do
2: {for each Hamming distance d}
3: for i = 2 to m+ 2 do
4: {for each alphabet size i = 2 . . .m+ 2}
5: Create a pair of k-mers a and b with Hamming

distance h(a, b) = d
6: Obtain intersection size Ii by computing

(k,m)-mismatch kernel Kk,m(a, b) using trie
traversal over ik tree.

7: end for
8: Set (m+ 1)⇥ (m+ 1) matrix A with

Aij = (i+ 1)(j�1), i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1
9: Solve Aw = I to obtain weight vector w
10: Set (d+ 1)th row of Wk,m to w
11: end for
12: Compute vector of intersection sizes

Ik,m,|⌃| = Wk,m((|⌃|� 1)0 . . . (⌃� 1)m)T

Output: Weight matrix Wk,m of size
(min(k, 2m) + 1,m+ 1), vector of intersection sizes
(lookup table) Ik,m,|⌃|

Some examples of weight matrices Wk,m for various settings
of k and m are shown in the Appendix. Intersection sizes I
can be obtained for a particular alphabet size |⌃| by multi-
plying weight matrix Wk,m by a vector of (|⌃| � 1) powers
as in Eq. 3, i.e.

Ik,m,|⌃| = Wk,m

�
|⌃|0 |⌃|1 . . . |⌃|m�1

�T
.

We note that weight matrices Wk,m (steps 1-11 of Algo-
rithm 1) can be pre-computed, and then once computed used
to solve (k,m)-mismatch problems for a given alphabet ⌃
(i.e. weight matrices Wk,m are alphabet-size independent).

4. EXPERIMENTS
We evaluate the utility of large (k,m) computations as a
proxy for model selection, by allowing a significantly wider
range of kernel parameters to be investigated during the
selection process. In these evaluations we follow the experi-
mental settings considered in [9] and [8].

We use three standard benchmark datasets: the SCOP dataset
(7329 sequences, 54 experiments) [20] for remote protein ho-
mology detection, the Ding-Dubchak dataset1 (27 folds, 694
seqs) [2, 4] for multi-class protein fold recognition, and music
genre data2 (10 genres, 1000 seqs) [12] for multi-class genre
prediction. For remote protein homology experiments, we
follow standard experimental setup used in previous stud-
ies [20] and evaluate average classification performance on
54 remote homology experiments, each simulating the re-
mote homology detection problem by training on a subset

1
http://ranger.uta.edu/~chqding/bioinfo.html

2
http://opihi.cs.uvic.ca/sound/genres



Intersection size computation: 
reduction-based method

• Observation: Intersection size can be found in a 
weighted form for every Hamming distance 0≤h≤2m

• Coefficients wi , i=0...m, are not known but are the 
same (!!) for any |∑|

fixed-dimensional vector space. In this space a standard ker-
nel classifier, such as a support vector machine (SVM) [18],
can then be applied. As SVMs require only inner products
between examples in the feature space, rather than the fea-
ture vectors themselves, one can define a string kernel which
computes the inner product in the feature space without ex-
plicitly computing the feature vectors:

K(X,Y ) = h�(X),�(Y )i, (1)

where X,Y 2 D, D is the set of all sequences composed of
elements which take on a finite set of possible values from
the alphabet ⌃.

Sequence matching is frequently based on co-occurrence of
exact sub-patterns (k-mers, features), as in spectrum ker-
nels [10] or substring kernels [19]. Inexact comparison in
this framework is typically achieved using di↵erent families
of mismatch [11] or profile [6] kernels. Both spectrum-k and
mismatch(k,m) kernel directly extract string features from
the observed sequence, X. On the other hand, the profile
kernel, proposed by Kuang et al. in [6], builds a profile [3]
PX and uses a similar |⌃|k-dimensional representation, now
derived from PX . Constructing the profile for each sequence
may not be practical in some application domains, since the
size of the profile is dependent on the size of the alphabet
set. While for bio-sequences |⌃| = 4 or 20, for music or text
data |⌃| can potentially be very large, on the order of tens
of thousands of symbols.

Some of the most e�cient available trie-based algorithms [11,
15] for mismatch kernels have a strong dependency on the
size of alphabet set ⌃ and the number of allowed mismatches.
Both need to be restricted in practice to control the complex-
ity of matching algorithms. Under the trie-based framework,
the list of k-mers extracted from given input strings is tra-
versed in a depth-first search with branches corresponding
to all possible � 2 ⌃. Each leaf node at depth k corre-
sponds to a particular k-mer feature (either exact or inexact
instance of the observed exact string features) and contains
a list of matching features from each string. The kernel ma-
trix is updated at leaf nodes with corresponding matching
feature counts. The complexity of the trie-based algorithm
for mismatch kernel computation for two strings X and Y is
O(km+1|⌃|m(|X|+ |Y |)) [11]. The algorithm complexity de-
pends on the size of ⌃, with possible substitutions explicitly
drawn from ⌃ during the trie traversal. Consequently, to
control the complexity of the algorithm we need to restrict
the number of allowed mismatches (m), as well as the al-
phabet size (|⌃|). Typically, (k,m) are set to no more than
(5, 2) for alphabets of size |⌃| = 20.

Recent work in [8] introduced linear time algorithms with
alphabet-independent complexity for Hamming-distance based
matching. This enables e�cient computation of a wide class
of existing string kernels for datasets with large |⌃|. The au-
thors show that it is possible to compute an inexact (k,m)
kernel as

K(X,Y |m, k) =
X

a2X

X

b2Y

I(a, b) =
min(2m,k)X

i=0

MiIi, (2)

where I(a, b) is the number of common substrings in the
intersection of the mutation neighborhoods of a and b, Ii

is the size of the intersection of k-mer mutational neigh-
borhood for Hamming distance i, and Mi is the number
of observed k-mer pairs in X and Y having Hamming dis-
tance i. The algorithms introduced in [8], however, require
as an input the intersection sizes Ii (i.e. number of identi-
cal substrings in the mutational neighborhoods of k-mers a
and b) for all possible Hamming distances between a and b.
No systematic way of obtaining these intersection sizes has
been proposed in [8]. Closed-form solutions have been sug-
gested for cases of small m (m  3). For larger values of m
(m > 3), it becomes substantially more di�cult to combina-
torially enumerate the intersection of the neighborhoods as
the neighborhood grow exponentially with m. In the next
section we address these issues and propose a systematic way
of computing intersection sizes that can be used for larger k
and m.

3. FINDING INTERSECTION SIZES FOR
LARGE K AND M

For large values of k and m finding intersection sizes needed
for kernel computation can be problematic. This is because
while for smaller values of m combinatorial closed form so-
lution can be found easily, for larger values of m finding it
becomes more di�cult due to an increase in the number of
combinatorial possibilities as the mutational neighborhood
increases (exponentially) in size. On the other hand, direct
computation of the intersection by trie traversal algorithm
is computationally di�cult for large k and m as the com-
plexity of traversal is O(km+1|⌃|m), i.e. is exponential in
both k and m. The above mentioned issues do not allow
for e�cient kernel evaluation for large k and m. We will
further discuss in what follows approaches to computing in-
tersection sizes and propose an e�cient method that can
e↵ectively compute intersection sizes for large k and m and
allows to explore more complex kernels (with large k and
m) that as we will show in Section 4.2 can further improve
performance of the string kernel method.

The number of k-mers at the Hamming distance of at most
m from both k-mers a and b, I(a, b), can be found in a
weighted form

I(a, b) =
mX

i=0

wi(|⌃|� 1)i. (3)

Coe�cients wi depend only on the Hamming distance d(a, b)
between k-mers a and b for fixed k, m, and |⌃|. The inter-
section size I and coe�cients wi can be precomputed for a
given setting (k,m, |⌃|) in a number of di↵erent ways. In
the following, we discuss possible approaches for intersection
size computation.

Brute-force. Directly computes intersection sizes for 0 
d  2m by performing 2m trie traversals for k-mer pairs
a and b over alphabet ⌃ at distances d = 1 . . . 2m. This
does not compute wi explicitly. Brute-force trie traversal for
computing intersection sizes is applicable only for moderate
values of |⌃|, k, m.

Analytic (closed-form) solution. The set of coe�cients wi for
every possible distance d(a, b) and a fixed m can be found
in a closed form with k and |⌃| as variables (see [8]). For
example, when m = 2 the intersection sizes can be found in

closed form as

I(a, b)
(m = 2)

=

8
>>>>>><

>>>>>>:

|Nk,m|, d(a, b) = 0

1 + k(|⌃|� 1) + (k � 1)(|⌃|� 1)2, d(a, b) = 1

1 + 2(k � 1)(|⌃|� 1) + (|⌃|� 1)2, d(a, b) = 2

6(|⌃|� 1), d(a, b) = 3
�
4
2

�
, d(a, b) = 4

Once the closed form solution is found for every (m, d) pair,
the intersection sizes for given k, |⌃| can be found in constant
time. However, it is di�cult to obtain closed form solution
for larger k, m. Currently, analytic solutions are known for
m < 4, with no known solutions for m � 4.

Finding coe�cients by solving linear systems of equations.
It is possible to e�ciently compute the intersection sizes
by reducing (k,m, |⌃|) intersection size problem to a set of
less complex intersection size computations. We discuss this
approach below.

3.1 Reduction-based computation of intersec-
tion size coefficients

For every Hamming distance 0  d(a, b)  2m, the corre-
sponding set of coe�cients wi, i = 0, 1, . . . ,m can be found
by solving a linear system Aw = I of m + 1 equations
with each equation corresponding to a particular alphabet
size |⌃| 2 {2, 3, . . . ,m + 2}. The left-hand side matrix A
is an (m+1,m+1) matrix with elements aij = (i + 1)j�1,
i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1.

A =

0

BB@

10 11 12 ... 1m

20 21 22 ... 2m

...
(m+ 1)0 (m+ 1)1 (m+ 1)2 ... (m+ 1)m

1

CCA

The right-hand side I = (I0, I1, . . . , Im)T is a vector of in-
tersection sizes for a particular setting of k, m, d, |⌃| =
2, 3, . . . ,m + 2. Here, Ii, i = 0 . . .m is the intersection size
for a pair of k-mers over alphabet size i + 2. Note that
Ii need only be computed for small alphabet sizes, up to
m + 2. Hence, this vector can feasibly be computed using
a trie traversal for a pair of k-mers at Hamming distance
d even for moderately large k as the size of the trie is only
(m + 2)k as opposed to |⌃|k. This allows now to evaluate
kernels for large k and m as the traversal is performed over
much smaller tries, e.g., even in case of relatively small pro-
tein alphabet with |⌃| = 20, for m = 6 and k = 13, the size
of the trie is 2013/(6 + 2)13 = 149011 times smaller. Coe�-
cients w obtained by solving Aw = I do not depend on the
alphabet size |⌃|. In other words, once found for a particular
combination of values (k,m), these coe�cients can be used
to determine intersection sizes for any given finite alphabet
|⌃| using Eq. 3.

We summarize the intersection size computation in Algo-
rithm 1. The algorithm receives as the input the problem
parameters k, m, and |⌃| and returns both the vector of
(min(k, 2m) + 1) intersection sizes Ik,m,|⌃| (lookup table)
for a given (k,m, |⌃|)-problem and the weight matrix Wk,m

that can be used to obtain intersection sizes for any alphabet
size |⌃|. The overall complexity of the algorithm is O((2m+

1)km+1(m+2)m). Compared to O((2m+1)km+1|⌃|m) com-
plexity of computing intersection sizes directly using trie
traversals, proposed algorithm has lower complexity by a

factor of
⇣

|⌃|
m+2

⌘m
(as we show empirically in Sec. 4.3 this

agrees with observed running time improvements).

Algorithm 1: Intersection size computation

Input: kernel parameters k and m, alphabet size |⌃|
1: for d = 0 to min(k, 2m) do
2: {for each Hamming distance d}
3: for i = 2 to m+ 2 do
4: {for each alphabet size i = 2 . . .m+ 2}
5: Create a pair of k-mers a and b with Hamming

distance h(a, b) = d
6: Obtain intersection size Ii by computing

(k,m)-mismatch kernel Kk,m(a, b) using trie
traversal over ik tree.

7: end for
8: Set (m+ 1)⇥ (m+ 1) matrix A with

Aij = (i+ 1)(j�1), i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1
9: Solve Aw = I to obtain weight vector w
10: Set (d+ 1)th row of Wk,m to w
11: end for
12: Compute vector of intersection sizes

Ik,m,|⌃| = Wk,m((|⌃|� 1)0 . . . (⌃� 1)m)T

Output: Weight matrix Wk,m of size
(min(k, 2m) + 1,m+ 1), vector of intersection sizes
(lookup table) Ik,m,|⌃|

Some examples of weight matrices Wk,m for various settings
of k and m are shown in the Appendix. Intersection sizes I
can be obtained for a particular alphabet size |⌃| by multi-
plying weight matrix Wk,m by a vector of (|⌃| � 1) powers
as in Eq. 3, i.e.

Ik,m,|⌃| = Wk,m

�
|⌃|0 |⌃|1 . . . |⌃|m�1

�T
.

We note that weight matrices Wk,m (steps 1-11 of Algo-
rithm 1) can be pre-computed, and then once computed used
to solve (k,m)-mismatch problems for a given alphabet ⌃
(i.e. weight matrices Wk,m are alphabet-size independent).

4. EXPERIMENTS
We evaluate the utility of large (k,m) computations as a
proxy for model selection, by allowing a significantly wider
range of kernel parameters to be investigated during the
selection process. In these evaluations we follow the experi-
mental settings considered in [9] and [8].

We use three standard benchmark datasets: the SCOP dataset
(7329 sequences, 54 experiments) [20] for remote protein ho-
mology detection, the Ding-Dubchak dataset1 (27 folds, 694
seqs) [2, 4] for multi-class protein fold recognition, and music
genre data2 (10 genres, 1000 seqs) [12] for multi-class genre
prediction. For remote protein homology experiments, we
follow standard experimental setup used in previous stud-
ies [20] and evaluate average classification performance on
54 remote homology experiments, each simulating the re-
mote homology detection problem by training on a subset

1
http://ranger.uta.edu/~chqding/bioinfo.html

2
http://opihi.cs.uvic.ca/sound/genres

⇒ wi (and Ii) can be found by solving a linear system 

of (m+1) equations!



Intersection size 
computation: reduction-based 

•                      , intersection size for a particular 
setting of k,m,h,|∑|=2,3,...,m+2

• Note: this reduces computation for large |∑| 
to a set of (m+1) less complex intersection 
size computations for smaller alphabet sizes

closed form as

I(a, b)
(m = 2)

=

8
>>>>>><

>>>>>>:

|Nk,m|, d(a, b) = 0

1 + k(|⌃|� 1) + (k � 1)(|⌃|� 1)2, d(a, b) = 1

1 + 2(k � 1)(|⌃|� 1) + (|⌃|� 1)2, d(a, b) = 2

6(|⌃|� 1), d(a, b) = 3
�
4
2

�
, d(a, b) = 4

Once the closed form solution is found for every (m, d) pair,
the intersection sizes for given k, |⌃| can be found in constant
time. However, it is di�cult to obtain closed form solution
for larger k, m. Currently, analytic solutions are known for
m < 4, with no known solutions for m � 4.

Finding coe�cients by solving linear systems of equations.
It is possible to e�ciently compute the intersection sizes
by reducing (k,m, |⌃|) intersection size problem to a set of
less complex intersection size computations. We discuss this
approach below.

3.1 Reduction-based computation of intersec-
tion size coefficients

For every Hamming distance 0  d(a, b)  2m, the corre-
sponding set of coe�cients wi, i = 0, 1, . . . ,m can be found
by solving a linear system Aw = I of m + 1 equations
with each equation corresponding to a particular alphabet
size |⌃| 2 {2, 3, . . . ,m + 2}. The left-hand side matrix A
is an (m+1,m+1) matrix with elements aij = (i + 1)j�1,
i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1.
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The right-hand side I = (I0, I1, . . . , Im)T is a vector of in-
tersection sizes for a particular setting of k, m, d, |⌃| =
2, 3, . . . ,m + 2. Here, Ii, i = 0 . . .m is the intersection size
for a pair of k-mers over alphabet size i + 2. Note that
Ii need only be computed for small alphabet sizes, up to
m + 2. Hence, this vector can feasibly be computed using
a trie traversal for a pair of k-mers at Hamming distance
d even for moderately large k as the size of the trie is only
(m + 2)k as opposed to |⌃|k. This allows now to evaluate
kernels for large k and m as the traversal is performed over
much smaller tries, e.g., even in case of relatively small pro-
tein alphabet with |⌃| = 20, for m = 6 and k = 13, the size
of the trie is 2013/(6 + 2)13 = 149011 times smaller. Coe�-
cients w obtained by solving Aw = I do not depend on the
alphabet size |⌃|. In other words, once found for a particular
combination of values (k,m), these coe�cients can be used
to determine intersection sizes for any given finite alphabet
|⌃| using Eq. 3.

We summarize the intersection size computation in Algo-
rithm 1. The algorithm receives as the input the problem
parameters k, m, and |⌃| and returns both the vector of
(min(k, 2m) + 1) intersection sizes Ik,m,|⌃| (lookup table)
for a given (k,m, |⌃|)-problem and the weight matrix Wk,m

that can be used to obtain intersection sizes for any alphabet
size |⌃|. The overall complexity of the algorithm is O((2m+

1)km+1(m+2)m). Compared to O((2m+1)km+1|⌃|m) com-
plexity of computing intersection sizes directly using trie
traversals, proposed algorithm has lower complexity by a

factor of
⇣

|⌃|
m+2

⌘m
(as we show empirically in Sec. 4.3 this

agrees with observed running time improvements).

Algorithm 1: Intersection size computation

Input: kernel parameters k and m, alphabet size |⌃|
1: for d = 0 to min(k, 2m) do
2: {for each Hamming distance d}
3: for i = 2 to m+ 2 do
4: {for each alphabet size i = 2 . . .m+ 2}
5: Create a pair of k-mers a and b with Hamming

distance h(a, b) = d
6: Obtain intersection size Ii by computing

(k,m)-mismatch kernel Kk,m(a, b) using trie
traversal over ik tree.

7: end for
8: Set (m+ 1)⇥ (m+ 1) matrix A with

Aij = (i+ 1)(j�1), i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1
9: Solve Aw = I to obtain weight vector w
10: Set (d+ 1)th row of Wk,m to w
11: end for
12: Compute vector of intersection sizes

Ik,m,|⌃| = Wk,m((|⌃|� 1)0 . . . (⌃� 1)m)T

Output: Weight matrix Wk,m of size
(min(k, 2m) + 1,m+ 1), vector of intersection sizes
(lookup table) Ik,m,|⌃|

Some examples of weight matrices Wk,m for various settings
of k and m are shown in the Appendix. Intersection sizes I
can be obtained for a particular alphabet size |⌃| by multi-
plying weight matrix Wk,m by a vector of (|⌃| � 1) powers
as in Eq. 3, i.e.

Ik,m,|⌃| = Wk,m

�
|⌃|0 |⌃|1 . . . |⌃|m�1

�T
.

We note that weight matrices Wk,m (steps 1-11 of Algo-
rithm 1) can be pre-computed, and then once computed used
to solve (k,m)-mismatch problems for a given alphabet ⌃
(i.e. weight matrices Wk,m are alphabet-size independent).

4. EXPERIMENTS
We evaluate the utility of large (k,m) computations as a
proxy for model selection, by allowing a significantly wider
range of kernel parameters to be investigated during the
selection process. In these evaluations we follow the experi-
mental settings considered in [9] and [8].

We use three standard benchmark datasets: the SCOP dataset
(7329 sequences, 54 experiments) [20] for remote protein ho-
mology detection, the Ding-Dubchak dataset1 (27 folds, 694
seqs) [2, 4] for multi-class protein fold recognition, and music
genre data2 (10 genres, 1000 seqs) [12] for multi-class genre
prediction. For remote protein homology experiments, we
follow standard experimental setup used in previous stud-
ies [20] and evaluate average classification performance on
54 remote homology experiments, each simulating the re-
mote homology detection problem by training on a subset

1
http://ranger.uta.edu/~chqding/bioinfo.html

2
http://opihi.cs.uvic.ca/sound/genres
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the intersection sizes for given k, |⌃| can be found in constant
time. However, it is di�cult to obtain closed form solution
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tersection sizes for a particular setting of k, m, d, |⌃| =
2, 3, . . . ,m + 2. Here, Ii, i = 0 . . .m is the intersection size
for a pair of k-mers over alphabet size i + 2. Note that
Ii need only be computed for small alphabet sizes, up to
m + 2. Hence, this vector can feasibly be computed using
a trie traversal for a pair of k-mers at Hamming distance
d even for moderately large k as the size of the trie is only
(m + 2)k as opposed to |⌃|k. This allows now to evaluate
kernels for large k and m as the traversal is performed over
much smaller tries, e.g., even in case of relatively small pro-
tein alphabet with |⌃| = 20, for m = 6 and k = 13, the size
of the trie is 2013/(6 + 2)13 = 149011 times smaller. Coe�-
cients w obtained by solving Aw = I do not depend on the
alphabet size |⌃|. In other words, once found for a particular
combination of values (k,m), these coe�cients can be used
to determine intersection sizes for any given finite alphabet
|⌃| using Eq. 3.

We summarize the intersection size computation in Algo-
rithm 1. The algorithm receives as the input the problem
parameters k, m, and |⌃| and returns both the vector of
(min(k, 2m) + 1) intersection sizes Ik,m,|⌃| (lookup table)
for a given (k,m, |⌃|)-problem and the weight matrix Wk,m

that can be used to obtain intersection sizes for any alphabet
size |⌃|. The overall complexity of the algorithm is O((2m+

1)km+1(m+2)m). Compared to O((2m+1)km+1|⌃|m) com-
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traversals, proposed algorithm has lower complexity by a
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Input: kernel parameters k and m, alphabet size |⌃|
1: for d = 0 to min(k, 2m) do
2: {for each Hamming distance d}
3: for i = 2 to m+ 2 do
4: {for each alphabet size i = 2 . . .m+ 2}
5: Create a pair of k-mers a and b with Hamming

distance h(a, b) = d
6: Obtain intersection size Ii by computing

(k,m)-mismatch kernel Kk,m(a, b) using trie
traversal over ik tree.

7: end for
8: Set (m+ 1)⇥ (m+ 1) matrix A with
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12: Compute vector of intersection sizes

Ik,m,|⌃| = Wk,m((|⌃|� 1)0 . . . (⌃� 1)m)T

Output: Weight matrix Wk,m of size
(min(k, 2m) + 1,m+ 1), vector of intersection sizes
(lookup table) Ik,m,|⌃|

Some examples of weight matrices Wk,m for various settings
of k and m are shown in the Appendix. Intersection sizes I
can be obtained for a particular alphabet size |⌃| by multi-
plying weight matrix Wk,m by a vector of (|⌃| � 1) powers
as in Eq. 3, i.e.

Ik,m,|⌃| = Wk,m
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We note that weight matrices Wk,m (steps 1-11 of Algo-
rithm 1) can be pre-computed, and then once computed used
to solve (k,m)-mismatch problems for a given alphabet ⌃
(i.e. weight matrices Wk,m are alphabet-size independent).

4. EXPERIMENTS
We evaluate the utility of large (k,m) computations as a
proxy for model selection, by allowing a significantly wider
range of kernel parameters to be investigated during the
selection process. In these evaluations we follow the experi-
mental settings considered in [9] and [8].

We use three standard benchmark datasets: the SCOP dataset
(7329 sequences, 54 experiments) [20] for remote protein ho-
mology detection, the Ding-Dubchak dataset1 (27 folds, 694
seqs) [2, 4] for multi-class protein fold recognition, and music
genre data2 (10 genres, 1000 seqs) [12] for multi-class genre
prediction. For remote protein homology experiments, we
follow standard experimental setup used in previous stud-
ies [20] and evaluate average classification performance on
54 remote homology experiments, each simulating the re-
mote homology detection problem by training on a subset
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Once the closed form solution is found for every (m, d) pair,
the intersection sizes for given k, |⌃| can be found in constant
time. However, it is di�cult to obtain closed form solution
for larger k, m. Currently, analytic solutions are known for
m < 4, with no known solutions for m � 4.

Finding coe�cients by solving linear systems of equations.
It is possible to e�ciently compute the intersection sizes
by reducing (k,m, |⌃|) intersection size problem to a set of
less complex intersection size computations. We discuss this
approach below.

3.1 Reduction-based computation of intersec-
tion size coefficients

For every Hamming distance 0  d(a, b)  2m, the corre-
sponding set of coe�cients wi, i = 0, 1, . . . ,m can be found
by solving a linear system Aw = I of m + 1 equations
with each equation corresponding to a particular alphabet
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The right-hand side I = (I0, I1, . . . , Im)T is a vector of in-
tersection sizes for a particular setting of k, m, d, |⌃| =
2, 3, . . . ,m + 2. Here, Ii, i = 0 . . .m is the intersection size
for a pair of k-mers over alphabet size i + 2. Note that
Ii need only be computed for small alphabet sizes, up to
m + 2. Hence, this vector can feasibly be computed using
a trie traversal for a pair of k-mers at Hamming distance
d even for moderately large k as the size of the trie is only
(m + 2)k as opposed to |⌃|k. This allows now to evaluate
kernels for large k and m as the traversal is performed over
much smaller tries, e.g., even in case of relatively small pro-
tein alphabet with |⌃| = 20, for m = 6 and k = 13, the size
of the trie is 2013/(6 + 2)13 = 149011 times smaller. Coe�-
cients w obtained by solving Aw = I do not depend on the
alphabet size |⌃|. In other words, once found for a particular
combination of values (k,m), these coe�cients can be used
to determine intersection sizes for any given finite alphabet
|⌃| using Eq. 3.

We summarize the intersection size computation in Algo-
rithm 1. The algorithm receives as the input the problem
parameters k, m, and |⌃| and returns both the vector of
(min(k, 2m) + 1) intersection sizes Ik,m,|⌃| (lookup table)
for a given (k,m, |⌃|)-problem and the weight matrix Wk,m

that can be used to obtain intersection sizes for any alphabet
size |⌃|. The overall complexity of the algorithm is O((2m+

1)km+1(m+2)m). Compared to O((2m+1)km+1|⌃|m) com-
plexity of computing intersection sizes directly using trie
traversals, proposed algorithm has lower complexity by a
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(as we show empirically in Sec. 4.3 this
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Algorithm 1: Intersection size computation

Input: kernel parameters k and m, alphabet size |⌃|
1: for d = 0 to min(k, 2m) do
2: {for each Hamming distance d}
3: for i = 2 to m+ 2 do
4: {for each alphabet size i = 2 . . .m+ 2}
5: Create a pair of k-mers a and b with Hamming

distance h(a, b) = d
6: Obtain intersection size Ii by computing

(k,m)-mismatch kernel Kk,m(a, b) using trie
traversal over ik tree.

7: end for
8: Set (m+ 1)⇥ (m+ 1) matrix A with

Aij = (i+ 1)(j�1), i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1
9: Solve Aw = I to obtain weight vector w
10: Set (d+ 1)th row of Wk,m to w
11: end for
12: Compute vector of intersection sizes

Ik,m,|⌃| = Wk,m((|⌃|� 1)0 . . . (⌃� 1)m)T

Output: Weight matrix Wk,m of size
(min(k, 2m) + 1,m+ 1), vector of intersection sizes
(lookup table) Ik,m,|⌃|

Some examples of weight matrices Wk,m for various settings
of k and m are shown in the Appendix. Intersection sizes I
can be obtained for a particular alphabet size |⌃| by multi-
plying weight matrix Wk,m by a vector of (|⌃| � 1) powers
as in Eq. 3, i.e.

Ik,m,|⌃| = Wk,m
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We note that weight matrices Wk,m (steps 1-11 of Algo-
rithm 1) can be pre-computed, and then once computed used
to solve (k,m)-mismatch problems for a given alphabet ⌃
(i.e. weight matrices Wk,m are alphabet-size independent).

4. EXPERIMENTS
We evaluate the utility of large (k,m) computations as a
proxy for model selection, by allowing a significantly wider
range of kernel parameters to be investigated during the
selection process. In these evaluations we follow the experi-
mental settings considered in [9] and [8].

We use three standard benchmark datasets: the SCOP dataset
(7329 sequences, 54 experiments) [20] for remote protein ho-
mology detection, the Ding-Dubchak dataset1 (27 folds, 694
seqs) [2, 4] for multi-class protein fold recognition, and music
genre data2 (10 genres, 1000 seqs) [12] for multi-class genre
prediction. For remote protein homology experiments, we
follow standard experimental setup used in previous stud-
ies [20] and evaluate average classification performance on
54 remote homology experiments, each simulating the re-
mote homology detection problem by training on a subset
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the intersection sizes for given k, |⌃| can be found in constant
time. However, it is di�cult to obtain closed form solution
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m < 4, with no known solutions for m � 4.
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tersection sizes for a particular setting of k, m, d, |⌃| =
2, 3, . . . ,m + 2. Here, Ii, i = 0 . . .m is the intersection size
for a pair of k-mers over alphabet size i + 2. Note that
Ii need only be computed for small alphabet sizes, up to
m + 2. Hence, this vector can feasibly be computed using
a trie traversal for a pair of k-mers at Hamming distance
d even for moderately large k as the size of the trie is only
(m + 2)k as opposed to |⌃|k. This allows now to evaluate
kernels for large k and m as the traversal is performed over
much smaller tries, e.g., even in case of relatively small pro-
tein alphabet with |⌃| = 20, for m = 6 and k = 13, the size
of the trie is 2013/(6 + 2)13 = 149011 times smaller. Coe�-
cients w obtained by solving Aw = I do not depend on the
alphabet size |⌃|. In other words, once found for a particular
combination of values (k,m), these coe�cients can be used
to determine intersection sizes for any given finite alphabet
|⌃| using Eq. 3.

We summarize the intersection size computation in Algo-
rithm 1. The algorithm receives as the input the problem
parameters k, m, and |⌃| and returns both the vector of
(min(k, 2m) + 1) intersection sizes Ik,m,|⌃| (lookup table)
for a given (k,m, |⌃|)-problem and the weight matrix Wk,m

that can be used to obtain intersection sizes for any alphabet
size |⌃|. The overall complexity of the algorithm is O((2m+
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(7329 sequences, 54 experiments) [20] for remote protein ho-
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seqs) [2, 4] for multi-class protein fold recognition, and music
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Intersection size computation: 
reduction-based method

• I=I0...Im+1 can be feasibly computed using 
explicit trie traversal (|∑|≤m+2)!

• the size of the trie is only (m+2)k vs |∑|k

• eg. even for small |∑|=20, k=13, m=6 the 
size of the trie is 

       2013/(6+2)13=149011 times smaller!



Intersection size computation: 
algorithm

• O((2m+1)km+1(m+2)m) vs O((2m+1)km+1|∑|m) 
using trie traversal

• factor of          speed-up (|∑|⨠m)!           
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sponding set of coe�cients wi, i = 0, 1, . . . ,m can be found
by solving a linear system Aw = I of m + 1 equations
with each equation corresponding to a particular alphabet
size |⌃| 2 {2, 3, . . . ,m + 2}. The left-hand side matrix A
is an (m+1,m+1) matrix with elements aij = (i + 1)j�1,
i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1.
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The right-hand side I = (I0, I1, . . . , Im)T is a vector of in-
tersection sizes for a particular setting of k, m, d, |⌃| =
2, 3, . . . ,m + 2. Here, Ii, i = 0 . . .m is the intersection size
for a pair of k-mers over alphabet size i + 2. Note that
Ii need only be computed for small alphabet sizes, up to
m + 2. Hence, this vector can feasibly be computed using
a trie traversal for a pair of k-mers at Hamming distance
d even for moderately large k as the size of the trie is only
(m + 2)k as opposed to |⌃|k. This allows now to evaluate
kernels for large k and m as the traversal is performed over
much smaller tries, e.g., even in case of relatively small pro-
tein alphabet with |⌃| = 20, for m = 6 and k = 13, the size
of the trie is 2013/(6 + 2)13 = 149011 times smaller. Coe�-
cients w obtained by solving Aw = I do not depend on the
alphabet size |⌃|. In other words, once found for a particular
combination of values (k,m), these coe�cients can be used
to determine intersection sizes for any given finite alphabet
|⌃| using Eq. 3.

We summarize the intersection size computation in Algo-
rithm 1. The algorithm receives as the input the problem
parameters k, m, and |⌃| and returns both the vector of
(min(k, 2m) + 1) intersection sizes Ik,m,|⌃| (lookup table)
for a given (k,m, |⌃|)-problem and the weight matrix Wk,m

that can be used to obtain intersection sizes for any alphabet
size |⌃|. The overall complexity of the algorithm is O((2m+

1)km+1(m+2)m). Compared to O((2m+1)km+1|⌃|m) com-
plexity of computing intersection sizes directly using trie
traversals, proposed algorithm has lower complexity by a

factor of
⇣

|⌃|
m+2

⌘m
(as we show empirically in Sec. 4.3 this

agrees with observed running time improvements).

Algorithm 1: Intersection size computation

Input: kernel parameters k and m, alphabet size |⌃|
1: for d = 0 to min(k, 2m) do
2: {for each Hamming distance d}
3: for i = 2 to m+ 2 do
4: {for each alphabet size i = 2 . . .m+ 2}
5: Create a pair of k-mers a and b with Hamming

distance h(a, b) = d
6: Obtain intersection size Ii by computing

(k,m)-mismatch kernel Kk,m(a, b) using trie
traversal over ik tree.

7: end for
8: Set (m+ 1)⇥ (m+ 1) matrix A with

Aij = (i+ 1)(j�1), i = 1, . . . ,m+ 1, j = 1, . . . ,m+ 1
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10: Set (d+ 1)th row of Wk,m to w
11: end for
12: Compute vector of intersection sizes

Ik,m,|⌃| = Wk,m((|⌃|� 1)0 . . . (⌃� 1)m)T

Output: Weight matrix Wk,m of size
(min(k, 2m) + 1,m+ 1), vector of intersection sizes
(lookup table) Ik,m,|⌃|

Some examples of weight matrices Wk,m for various settings
of k and m are shown in the Appendix. Intersection sizes I
can be obtained for a particular alphabet size |⌃| by multi-
plying weight matrix Wk,m by a vector of (|⌃| � 1) powers
as in Eq. 3, i.e.

Ik,m,|⌃| = Wk,m

�
|⌃|0 |⌃|1 . . . |⌃|m�1

�T
.

We note that weight matrices Wk,m (steps 1-11 of Algo-
rithm 1) can be pre-computed, and then once computed used
to solve (k,m)-mismatch problems for a given alphabet ⌃
(i.e. weight matrices Wk,m are alphabet-size independent).

4. EXPERIMENTS
We evaluate the utility of large (k,m) computations as a
proxy for model selection, by allowing a significantly wider
range of kernel parameters to be investigated during the
selection process. In these evaluations we follow the experi-
mental settings considered in [9] and [8].

We use three standard benchmark datasets: the SCOP dataset
(7329 sequences, 54 experiments) [20] for remote protein ho-
mology detection, the Ding-Dubchak dataset1 (27 folds, 694
seqs) [2, 4] for multi-class protein fold recognition, and music
genre data2 (10 genres, 1000 seqs) [12] for multi-class genre
prediction. For remote protein homology experiments, we
follow standard experimental setup used in previous stud-
ies [20] and evaluate average classification performance on
54 remote homology experiments, each simulating the re-
mote homology detection problem by training on a subset

1
http://ranger.uta.edu/~chqding/bioinfo.html

2
http://opihi.cs.uvic.ca/sound/genres
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7. APPENDIX: EXAMPLES OF WEIGHT MA-
TRICES

W6,3 =

0
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1 6 15 20
1 6 15 10
1 6 21 4
1 3 21 1
2 12 12 0

�10 30 0 0
20 0 0 0

1

CCCCCCCA
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1 7 31 5
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2 18 12 0

�10 30 0 0
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W7,4 =
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1 10 24 40 1
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1 9 36 84 126
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1 9 36 119 21
1 9 21 109 6
1 14 66 64 1
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1 10 45 120 210 126
1 10 45 120 280 56
1 10 45 85 280 21
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0 �98 140 70 840 42 0
42 322 �910 1120 420 0 0

�378 882 �1260 1680 0 0 0
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Evaluation:
1. Protein structural classification
1.1. Remote homology prediction
1.2. Protein fold prediction

2. Music classification 
3. Model selection (kernel parameter 
selection)



Protein Classification

Problem II:  Protein  Annotation
Proteins: 

- Primary (amino-acid) sequence easy to obtain

- Structural/Functional information difficult to obtain

- Task: predict structural/functional class from primary 
sequence

Challenges:

- Limited labeled data, highly

diverse sequences

- Millions of unannotated

sequences

Outstanding problem in bio-medical research

Structural Classification of Proteins (SCOP)



Remote homology 
prediction

• 54 classification problems

• Mean ROC50 41.92 → 53.78 (28% rel. improvement)

• Large-(k,m) kernel compared to typically used small k 
and m

of families under the target superfamily and testing the su-
perfamily classifier on the remaining (held out) families ac-
cording to SCOP hierarchy (Figure 1). For music genre
classification, we use vector quantization (VQ) to represent
original sequences of 13-dim. MFCC vectors as strings over
|⌃| = 2048 alphabet, and we use 5-fold cross-validation error
to evaluate classification performance. For multi-class fold
prediction, we use standard data splits as described in [2,
4]. Data and source code are available at the supplementary
website [17].

Figure 1: SCOP hierarchy. Protein domains orga-
nized into classes, folds, superfamilies, and families.
Protein sequences from same superfamily but di↵er-
ent families are considered remote homologs.

4.1 Large (k,m) performance evaluation
In this section, we investigate the impact of kernel parame-
ters on the classification performance on the three sequence
classification tasks. For each task, we evaluate classification
performance over a large range of settings for k and m. Such
large range evaluation is the first of its kind, made possible
by our e�cient kernel evaluation algorithm.

Evaluation measures. The methods are evaluated using 0-1
and top-q balanced error rates as well as F1 scores and pre-
cision and recall rates. Under the top-q error cost function,
a classification is considered correct if the rank of the correct
label, obtained by sorting all prediction confidences in non-
increasing order, is at most q. On the other hand, under the
balanced error cost function, the penalty of mis-classifying
one sequence is inversely proportional to the number of se-
quences in the target class (i.e. mis-classifying a sequence
from a class with a small number of examples results in
a higher penalty compared to that of mis-classifying a se-
quence from a large, well represented class). We evaluate
remote protein homology performance using standard Re-
ceiver Operating Characteristic (ROC) and ROC50 scores.
The ROC50 score is the (normalized) area under the ROC
curve computed for up to 50 false positives. With a small
number of positive test sequences and a large number of
negative test sequences, the ROC50 score is typically more
indicative of the prediction accuracy of a homology detection
method than the ROC score.

Results of mismatch kernel classification for the remote ho-
mology detection problem are shown in Table 1. We ob-
serve that larger values of k and m perform better compared
to typically used values of k=5-6, m=1-2. For instance,
(k=10,m=5)-mismatch kernel achieves significantly higher
average ROC50 score of 53.78 compared to ROC50 of 41.92

Table 1: Remote homology. Classification per-
formance (mean ROC50) of the mismatch kernel
method in the supervised setting

Kernel Mean ROC Mean ROC50

mismatch(5,1) 87.75 41.92
mismatch(5,2) 90.67 49.09
mismatch(6,2) 90.74 49.66
mismatch(6,3) 90.98 49.36
mismatch(7,3) 91.31 52.00
mismatch(7,4) 90.84 49.29
mismatch(9,3) 90.27 47.00
mismatch(9,4) 91.45 53.51
mismatch(10,4) 91.02 50.49
mismatch(10,5) 91.60 53.78
mismatch(13,6) 90.98 50.11

Table 2: Statistical significance of the di↵erences
between (k,m) kernels (p-values according to signed
rank test). Kernels with large (k,m) perform better
than the traditionally used (k,m) kernels

(5,1) (5,2) (6,2) (6,3) (7,4) (9,4)
(5,2) 3.4e-04
(6,2) 3.7e-06 3.8e-01
(6,3) 1.4e-03 7.2e-01 7.7e-01
(7,4) 2.2e-03 7.0e-01 9.8e-01 8.7e-01
(9,4) 1.6e-06 3.2e-03 7.3e-04 1.4e-02 2.9e-02
(10,5) 3.1e-06 1.8e-03 1.5e-03 2.5e-03 9.4e-03 5.6e-01

and 49.09 for the (k=5,m=1)- and (k=5,m=2)- mismatch
kernels (with p-values 3.1e-6 and 1.8e-3, respectively). Ta-
ble 2 shows for each of the (k,m) kernel methods p-values of
the Wilcoxon signed-rank test on the ROC50 scores against
other (k,m) kernels. The utility of such large mismatch
kernels was not possible to investigate prior to this study.
As can also be seen from comparison with other state-of-
the-art methods (including PSI-BLAST, Smith-Waterman
similarity-based SVM [13], subsequence [14] and recently
proposed spatial sample kernels (SSSK) [7] and sequence
learner (SEQL) [5] approaches) in Table 3, large (k,m) mis-
match kernels display state-of-the-art performance.

Table 3: Remote homology prediction. Comparison
with state-of-the-art methods

method ROC ROC50

PSI-BLAST [6] 74.29 29.25
SVM-Pairwise (Smith-Waterman) [13] 89.30 43.40
Subsequence kernel [14] 87.23 40.37
SSSK [7] 91.48 51.18
SEQL [5] 92.20 52.37
Mismatch(k=10,m=5) 91.60 53.78

On the multi-class remote fold prediction problem (Table 4),
larger values of k tend to increase precision and result in
higher F1 scores. For instance, top-5 F1 score of 84.00 for
the (k = 11,m = 6)-mismatch kernel is higher than that
of (k = 5,m = 1) or (k = 5,m = 2) mismatch kernels
with F1 scores of 81.68 and 80.88, respectively. For longer k
increasing the maximum number of allowed mismatches m
tends to increase recall rates, while keeping precision rates
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similarity-based SVM [13], subsequence [14] and recently
proposed spatial sample kernels (SSSK) [7] and sequence
learner (SEQL) [5] approaches) in Table 3, large (k,m) mis-
match kernels display state-of-the-art performance.

Table 3: Remote homology prediction. Comparison
with state-of-the-art methods

method ROC ROC50

PSI-BLAST [6] 74.29 29.25
SVM-Pairwise (Smith-Waterman) [13] 89.30 43.40
Subsequence kernel [14] 87.23 40.37
SSSK [7] 91.48 51.18
SEQL [5] 92.20 52.37
Mismatch(k=10,m=5) 91.60 53.78

On the multi-class remote fold prediction problem (Table 4),
larger values of k tend to increase precision and result in
higher F1 scores. For instance, top-5 F1 score of 84.00 for
the (k = 11,m = 6)-mismatch kernel is higher than that
of (k = 5,m = 1) or (k = 5,m = 2) mismatch kernels
with F1 scores of 81.68 and 80.88, respectively. For longer k
increasing the maximum number of allowed mismatches m
tends to increase recall rates, while keeping precision rates

Comparison with state-of-the-artLarge-(k,m) performance



Comparison of (k,m)-kernels
• Statistical significance of the observed differences 

on remote homology prediction task

• Large (k,m) kernels perform better

of families under the target superfamily and testing the su-
perfamily classifier on the remaining (held out) families ac-
cording to SCOP hierarchy (Figure 1). For music genre
classification, we use vector quantization (VQ) to represent
original sequences of 13-dim. MFCC vectors as strings over
|⌃| = 2048 alphabet, and we use 5-fold cross-validation error
to evaluate classification performance. For multi-class fold
prediction, we use standard data splits as described in [2,
4]. Data and source code are available at the supplementary
website [17].

Figure 1: SCOP hierarchy. Protein domains orga-
nized into classes, folds, superfamilies, and families.
Protein sequences from same superfamily but di↵er-
ent families are considered remote homologs.

4.1 Large (k,m) performance evaluation
In this section, we investigate the impact of kernel parame-
ters on the classification performance on the three sequence
classification tasks. For each task, we evaluate classification
performance over a large range of settings for k and m. Such
large range evaluation is the first of its kind, made possible
by our e�cient kernel evaluation algorithm.

Evaluation measures. The methods are evaluated using 0-1
and top-q balanced error rates as well as F1 scores and pre-
cision and recall rates. Under the top-q error cost function,
a classification is considered correct if the rank of the correct
label, obtained by sorting all prediction confidences in non-
increasing order, is at most q. On the other hand, under the
balanced error cost function, the penalty of mis-classifying
one sequence is inversely proportional to the number of se-
quences in the target class (i.e. mis-classifying a sequence
from a class with a small number of examples results in
a higher penalty compared to that of mis-classifying a se-
quence from a large, well represented class). We evaluate
remote protein homology performance using standard Re-
ceiver Operating Characteristic (ROC) and ROC50 scores.
The ROC50 score is the (normalized) area under the ROC
curve computed for up to 50 false positives. With a small
number of positive test sequences and a large number of
negative test sequences, the ROC50 score is typically more
indicative of the prediction accuracy of a homology detection
method than the ROC score.

Results of mismatch kernel classification for the remote ho-
mology detection problem are shown in Table 1. We ob-
serve that larger values of k and m perform better compared
to typically used values of k=5-6, m=1-2. For instance,
(k=10,m=5)-mismatch kernel achieves significantly higher
average ROC50 score of 53.78 compared to ROC50 of 41.92

Table 1: Remote homology. Classification per-
formance (mean ROC50) of the mismatch kernel
method in the supervised setting

Kernel Mean ROC Mean ROC50

mismatch(5,1) 87.75 41.92
mismatch(5,2) 90.67 49.09
mismatch(6,2) 90.74 49.66
mismatch(6,3) 90.98 49.36
mismatch(7,3) 91.31 52.00
mismatch(7,4) 90.84 49.29
mismatch(9,3) 90.27 47.00
mismatch(9,4) 91.45 53.51
mismatch(10,4) 91.02 50.49
mismatch(10,5) 91.60 53.78
mismatch(13,6) 90.98 50.11

Table 2: Statistical significance of the di↵erences
between (k,m) kernels (p-values according to signed
rank test). Kernels with large (k,m) perform better
than the traditionally used (k,m) kernels

(5,1) (5,2) (6,2) (6,3) (7,4) (9,4)
(5,2) 3.4e-04
(6,2) 3.7e-06 3.8e-01
(6,3) 1.4e-03 7.2e-01 7.7e-01
(7,4) 2.2e-03 7.0e-01 9.8e-01 8.7e-01
(9,4) 1.6e-06 3.2e-03 7.3e-04 1.4e-02 2.9e-02
(10,5) 3.1e-06 1.8e-03 1.5e-03 2.5e-03 9.4e-03 5.6e-01

and 49.09 for the (k=5,m=1)- and (k=5,m=2)- mismatch
kernels (with p-values 3.1e-6 and 1.8e-3, respectively). Ta-
ble 2 shows for each of the (k,m) kernel methods p-values of
the Wilcoxon signed-rank test on the ROC50 scores against
other (k,m) kernels. The utility of such large mismatch
kernels was not possible to investigate prior to this study.
As can also be seen from comparison with other state-of-
the-art methods (including PSI-BLAST, Smith-Waterman
similarity-based SVM [13], subsequence [14] and recently
proposed spatial sample kernels (SSSK) [7] and sequence
learner (SEQL) [5] approaches) in Table 3, large (k,m) mis-
match kernels display state-of-the-art performance.

Table 3: Remote homology prediction. Comparison
with state-of-the-art methods

method ROC ROC50

PSI-BLAST [6] 74.29 29.25
SVM-Pairwise (Smith-Waterman) [13] 89.30 43.40
Subsequence kernel [14] 87.23 40.37
SSSK [7] 91.48 51.18
SEQL [5] 92.20 52.37
Mismatch(k=10,m=5) 91.60 53.78

On the multi-class remote fold prediction problem (Table 4),
larger values of k tend to increase precision and result in
higher F1 scores. For instance, top-5 F1 score of 84.00 for
the (k = 11,m = 6)-mismatch kernel is higher than that
of (k = 5,m = 1) or (k = 5,m = 2) mismatch kernels
with F1 scores of 81.68 and 80.88, respectively. For longer k
increasing the maximum number of allowed mismatches m
tends to increase recall rates, while keeping precision rates



Protein fold prediction

• multi-class, 27-folds

method Error F1

(k=5,m=1) 51.17 61.69

(k=7,m=3) 43.86 65.55

(k=10,m=6) 42.82 62.36



Music Classification

• multi-class (10 genres)

• Kernels with moderately long k and larger 
values of m perform better than kernels 
with small k,m

method Error F1

(k=5,m=1) 34.8 65.36

(k=7,m=4) 31.1 68.96

(k=10,m=4
)

31.7 68.29



Kernel parameter selection
• Parameter selection by validation

• Kernels selected by validation (k=10,m=5 
and k=9,m=4) also perform best on test set

Table 6: Remote homology. Classification performance (mean ROC and ROC50) of the mismatch kernel
method in the supervised setting (with validation set)

Kernel ROC (Test) ROC50 (Test) ROC (Validation) ROC50 (Validation)

mismatch(5,1) 85.75 39.47 88.28 73.21
mismatch(5,2) 89.62 48.10 90.36 77.17
mismatch(6,2) 89.26 48.72 90.61 77.89
mismatch(6,3) 89.95 48.38 90.32 77.05
mismatch(7,3) 90.08 51.64 91.17 79.21
mismatch(7,4) 89.79 47.74 90.04 76.40
mismatch(9,3) 87.14 44.27 89.55 76.47
mismatch(9,4) 89.97 52.59 91.90 81.57
mismatch(10,4) 88.77 48.47 90.90 79.15
mismatch(10,5) 90.40 52.96 92.34 81.30
mismatch(11,5) 89.68 50.14 91.52 80.25
mismatch(11,6) 90.58 52.72 92.38 81.23
mismatch(13,5) 86.57 42.56 87.79 70.12

dation set also perform best on the test set. The top two
kernels with (k=9,m=4) and (k=10,m=5) achieve highest
average ROC50 scores of 52.59 and 52.96. Similar trends
are observed with respect to ROC.

4.2.2 Uniform multiple kernel combination

Another approach for setting kernel parameters is to con-
sider the kernel equivalent to a combination of multiple ker-
nels, with each individual kernel corresponding to a partic-
ular choice of k and m. This approach does not select a
particular value for k or m, it rather uses a set of (k,m) val-
ues in a uniform combination. This may be advantageous
compared to selecting particular values for k and m as there
might not be a single choice of parameter values which would
work best in all cases, e.g., for all superfamilies. By not fix-
ing the values of k and m, the classifier (SVM) can learn
importance/usefulness of a particular choice of k and m.

We present selection of results on remote homology detection
in Table 7 using a uniform mixture of mismatch kernels with
k = 1...13 and m = 1...6. As evident from the results,
the performance of the uniform mixture are very similar to
the performance of the best single kernel as found by the
validation (Sec. 4.2.1).

4.2.3 Multiple kernel learning

Using a weighted combination of multiple kernels may po-
tentially give better performance compared to a uniform
kernel combination. Here we show results for using mul-
tiple kernel learning (MKL) [21] on remote homology detec-
tion. We again use the same large pool of mismatch kernels
k=5 . . . 13, m=1 . . . 6 and learn a multiple kernel combina-
tion for each of the 54 remote homology problems.

The results for multiple kernel learning on remote homology
detection are shown in Table 7 (only a selection of the tasks
is shown). While the resulting average ROC50 (column 2 in
Table 7) are slightly lower compared to uniform combination
(column 1), the results are similar and seem to suggest that
for di↵erent superfamilies, a di↵erent setting of parameters
k and m may be needed. This is also clear from the best-case
results for the selection of parameter values based on the test
set performance (last column in Table 7). We observe that

best performing k andm di↵er across di↵erent superfamilies,
suggesting the need for a kernel combination.

4.2.4 Comparison of kernel selection approaches

According to the SCOP hierarchy, (1) a single kernel can be
selected for the entire hierarchy, (2) kernels can be selected
at a superfamily level, i.e. on a per-superfamily basis, (3)
kernels can be selected at a family level, i.e. on a per-family
basis. Selection itself can be based on train, validation, or
test performance. In Table 8 we summarize performance
of various kernel selection strategies including validation-
based kernel selection, best-case (test-based) selection, uni-
form kernel combination and multiple kernel learning. While
multiple kernel learning selects kernel mixture at a family
level, uniform kernel combination is the same for all super-
families/families, i.e. it is similar to selecting a single best
kernel based on average performance across all superfami-
lies/families. For superfamily-level selection, a single kernel
is selected for a given superfamily based on the average per-
formance across families belonging to the superfamily.

Table 8: Remote homology. Comparison of kernel
selection approaches.

Method Mean ROC50

Validation-based selection (single kernel) 52.59
Validation-based selection (per family) 47.43

Validation-based selection (per superfamily) 49.89
Test-based selection (single kernel) 53.78
Test-based selection (per family) 60.32

Test-based selection (per superfamily) 56.16
Uniform multiple kernel combination 52.11
Multiple kernel learning (per family) 50.78

As we noted before, results for best-case selection (i.e. for
selecting best kernel per superfamily/family based on test
set performance) suggest the need for per-superfamily/per-
family parameter selection to improve the classification per-
formance. The reduced running time requirements of our al-
gorithm allows to consider various parameter selection strate-
gies (validation, uniform, MKL) with a larger set of (k,m)
kernels. Our results show (Tables 7, 8) that per-class selec-
tion with large (k,m) could lead to significant improvements
(average ROC50 53.78 -> 60.32). However, for practical

selected kernels



Running time

• Observed speed-ups are on the order of           
as expected from theoretical analysis

• E.g. for protein alphabet, |∑|=20, m=5
  speed-up is 208x vs 205/(5+2)5=190x expected

Table 7: Remote homology detection. Kernel selection. Note that best choice of parameter values (k,m) is
class-specific (i.e. depends on protein superfamily/family). Kernels with larger values k,m achieve higher
prediction accuracy compared to settings with smaller k,and m.

Experiment Uniform kernel
MKL
top (k,m)

Test ROC50
Best k, m
(based on validation set)

Test ROC50
Best k, m
(based on test set)

Test ROC50

2.56.1.2 13.75 (13,6) 37.75 11, 6) 17.35 (7, 3) 18.11
1.27.1.2 58.57 (13,6) 51.71 (11, 6) 51.02 (7, 3) 58.60
1.4.1.2 67.20 (7,3) 57.6 (5, 3) 62.04 (7, 3) 73.47
3.2.1.5 57.71 (13,6) 52.86 (11, 6) 52.48 (13, 4) 73.47
2.28.1.3 30.40 (13,6) 27.20 (6, 2) 26.12 (5, 3) 30.61
7.3.6.1 89.11 (5,2) 97.56 (5, 3) 80.95 (11, 6) 93.20
2.1.1.2 80.62 (7,3) 90.50 (11, 4) 81.76 (11, 5) 88.65
2.38.4.5 46.25 (13,6) 33.0 (9, 2) 0.00 (5, 3) 56.89
1.36.1.2 26.00 (7,3) 36.33 (5, 3) 1.36 (10, 5) 38.78
1.41.1.2 96.00 (7,3) 97.67 (5, 1) 73.47 (11, 6) 98.98
Mean ROC50: 51.47 50.78 47.43 60.32

Table 9: Running time for kernel computation on
music and protein sequence data

(k,m, |⌃|) Running time (s)

(9,2,2048) 235
(9,3,2048) 373
(9,4,2048) 416
(10,2,20) 82
(10,3,20) 196
(10,5,20) 610

application (e.g., parameter selection using validation ap-
proach) more data is necessary.

4.3 Running time
We measure the running time for full mismatch kernel ma-
trix computations for SCOP and music genre datasets (i.e.
we compute 7329⇥7329 and 1000⇥1000 kernel matrices). As
can be seen from the running times in Table 9 our method
allows e�cient evaluation for large k, m kernels (running
times are given for protein (7329 seqs) and music (1000 seqs)
datasets). We note that the running times include time re-
quired for intersection size computations (Algorithm 1).

In Table 10, we report running time improvements of our
proposed method for intersection size computation (Algo-
rithm 1) over brute-force (trie-based) computation of inter-
section sizes. As can be seen from the table, ratios of run-
ning times Ttrie/Tlinear as a function of kernel parameters
k,m, and alphabet size |⌃| are as expected from theoretical
analysis. For example, the obtained speed-up for computing
intersection sizes for k=10,m=5,|⌃|=20 is 208x, while the

expected running time ratio
⇣

|⌃|
m+2

⌘m
is (20/(5 + 2))5=190.

We also note that because of high O(km+1|⌃|m) computa-
tional complexity of finding intersection sizes using explicit
trie traversal, for m > 3 and large alphabet |⌃| running
time is excessively long (for these cases only expected run-
ning time ratios are shown in Table 10).

5. CONCLUSIONS
In this work we proposed a new systematic method that al-
lows evaluation of inexact string family kernels for long sub-
strings k with large number of mismatches m. The method
finds the intersection set sizes by explicitly computing them

Table 10: Intersection size computation. Running
time ratio Ttrie/Tlinear (speed-up) of the trie-based
method and proposed algorithm as a function of ker-
nel parameters k, m, and alphabet size |⌃|. Observed

speed-ups are on the order of
⇣

|⌃|
m+2

⌘m
as expected

from theoretical analysis
(k,m) |⌃| = 20 |⌃| = 100

(5,2) 6 254
(5,3) 27 5931
(6,2) 9 393
(6,3) 45 10118
(7,2) 13 571
(7,3) 57 12848
(7,4) 120 n/a / 8⇥ 104†

(9,4) 132 n/a / 8⇥ 104†

(9,5) 197 n/a / 6⇥ 105†

(10,5) 208 n/a / 6⇥ 105†
†

expected running time ratio only due to

excessive running time for trie-based method

for small alphabet size |⌃| and then generalizing this to ar-
bitrary large alphabets. We show that this enables one to
explore a larger set of kernels corresponding to a large range
of kernel parameter values which as we demonstrate experi-
mentally can further improve performance of the string ker-
nels. We illustrate impact of the kernel parameters on the
classification performance on a number of sequence classi-
fication tasks and evaluate a number of kernel/parameter
selection strategies. We demonstrate improved performance
on protein remote homology detection, multi-class fold pre-
diction, and classification of music samples.
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prediction accuracy compared to settings with smaller k,and m.
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Test ROC50
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(based on validation set)

Test ROC50
Best k, m
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Test ROC50
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application (e.g., parameter selection using validation ap-
proach) more data is necessary.

4.3 Running time
We measure the running time for full mismatch kernel ma-
trix computations for SCOP and music genre datasets (i.e.
we compute 7329⇥7329 and 1000⇥1000 kernel matrices). As
can be seen from the running times in Table 9 our method
allows e�cient evaluation for large k, m kernels (running
times are given for protein (7329 seqs) and music (1000 seqs)
datasets). We note that the running times include time re-
quired for intersection size computations (Algorithm 1).

In Table 10, we report running time improvements of our
proposed method for intersection size computation (Algo-
rithm 1) over brute-force (trie-based) computation of inter-
section sizes. As can be seen from the table, ratios of run-
ning times Ttrie/Tlinear as a function of kernel parameters
k,m, and alphabet size |⌃| are as expected from theoretical
analysis. For example, the obtained speed-up for computing
intersection sizes for k=10,m=5,|⌃|=20 is 208x, while the

expected running time ratio
⇣

|⌃|
m+2
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is (20/(5 + 2))5=190.

We also note that because of high O(km+1|⌃|m) computa-
tional complexity of finding intersection sizes using explicit
trie traversal, for m > 3 and large alphabet |⌃| running
time is excessively long (for these cases only expected run-
ning time ratios are shown in Table 10).

5. CONCLUSIONS
In this work we proposed a new systematic method that al-
lows evaluation of inexact string family kernels for long sub-
strings k with large number of mismatches m. The method
finds the intersection set sizes by explicitly computing them

Table 10: Intersection size computation. Running
time ratio Ttrie/Tlinear (speed-up) of the trie-based
method and proposed algorithm as a function of ker-
nel parameters k, m, and alphabet size |⌃|. Observed

speed-ups are on the order of
⇣
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for small alphabet size |⌃| and then generalizing this to ar-
bitrary large alphabets. We show that this enables one to
explore a larger set of kernels corresponding to a large range
of kernel parameter values which as we demonstrate experi-
mentally can further improve performance of the string ker-
nels. We illustrate impact of the kernel parameters on the
classification performance on a number of sequence classi-
fication tasks and evaluate a number of kernel/parameter
selection strategies. We demonstrate improved performance
on protein remote homology detection, multi-class fold pre-
diction, and classification of music samples.
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~10x for m=2-3

~100x m>3



Conclusions

• Efficient algorithm for computation of 
large-(k,m) inexact matching string kernels

• Large-(k,m) kernels can improve 
performance

• Can now explore larger set of kernels with 
a wide range of parameters (better model 
selection, performance)
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